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Don’t put peace and understanding beyond
the truth.
—St. John Chrysostom (347-407)

Read to get wise and teach others when it
will be needed.
—St. Basil the Great (329-378)

Where things are simple, there are a hundred
angels; but where things are complicated,
there is not a single one.

—St. Ambrose of Optina (1812-1891)






To my parents, Traian and Maria






A room with no books is like a body without a
soul.
—Elder Vichentie Maldu (1887-1945)






Preface

There is no subject so old that something new cannot be said
about it.

Fyodor Dostoevsky (1821-1881)

This book is the fruit of my work in the last decade teaching, researching, and
solving problems. This volume offers an unusual collection of problems specializing
in three topics of mathematical analysis: limits, series, and fractional part integrals.
The book is divided into three chapters, each dealing with a specific topic, and
two appendices. The first chapter of the book collects non-standard problems on
limits of special sequences and integrals. Why limits? First, because in analysis,
most things reduce to the calculation of a limit; and second, because limits are the
most fundamental basic problems of analysis. Why non-standard limits? Because
the standard problems on limits are known, if not very well known, and have been
recorded in other books, they might not be so attractive and interesting anymore. The
problems vary in difficulty and specialize in different aspects of calculus: from the
study of the asymptotic behavior of a sequence to the evaluation of a limit involving
a special function, an integral or a finite sum.

The second chapter of the book introduces the reader to a collection of problems
that are rarely seen: the evaluation of exotic integrals involving a fractional part
term, called fractional part integrals. The problems of this chapter were motivated
by the interesting formula [ {1/x}dx = 1 — 7, which connects an exotic integral
to the Euler—Mascheroni constant. One may wonder: are there any other similar
formulae? What happens when the integrand function is changed from {1/x} to
{1/x}*? Is the integral fol {1/x}? dx calculable in terms of exotic constants or this
integral formula is a singular case? Is it possible to extend this equality from the
one-dimensional case to the multiple case? The reader will find the answer to
these questions by going through the problems of this chapter. The novelty of the
problems stands in the fact that, comparatively to the classical integrals that can
be calculated by the well-known techniques, integration by parts or substitution,

xi



xii Preface

many of these integrals invite the reader to use a host of mathematical techniques
that involve elegant connections between integrals, infinite series, exotic constants,
and special functions. This chapter has a special section called “Quickies” which
contains problems that have an unexpected succint solution. The quickies are solved
by using symmetry combined with tricks involving properties of the fractional part
function.

The last chapter of the book offers the reader a bouquet of problems with a flavor
towards the computational aspects of infinite series and special products, many of
these problems being new in the literature. These series, linear or quadratic, single
or multiple, involve combinations of exotic terms, special functions, and harmonic
numbers and challenge the reader to explore the ability to evaluate an infinite sum,
to discover new connections between a series and an integral, to evaluate a sum
by using the modern tools of analysis, and to investigate further. In general, the
classes of series that can be calculated exactly are widely known and such problems
appear in many standard books that have topics involving infinite sums, so by this
chapter we offer the reader a collection of interesting and unconventional problems
for solutions.

Each chapter contains a section of difficult problems, motivated by other
problems in the book, which are collected in a special section entitled “Open
problems” and few of them are listed in the order in which the problems appear
in the book. These problems may be considered as research problems or projects
for students with a strong background in calculus and for the readers who enjoy
mathematical research and discovery in mathematics. The intention of having the
open problems recorded in the book is to stimulate creativity and the discovery of
original methods for proving known results and establishing new ones.

There are two appendices which contain topics of analysis and special function
theory that appear throughout the book. In the first part of Appendix A we review
the special constants involved in the computations of series and products, the second
part of Appendix A contains a bouquet of special functions, from Euler’s Gamma
function to the celebrated Riemann zeta function, and in the last part of Appendix A
we collect some lemmas and theorems from integration theory concerning the
calculation of limits of integrals. Appendix B is entirely devoted to the Stolz—Cesaro
lemma, a classical tool in analysis, which has applications to the calculations of
limits of sequences involving sums.

This volume contains a collection of challenging problems; many of them are
new and original. I do not claim originality of all the problems included in the book
and [ am aware that some may be either known or very old. Other problems, by this
volume, are revived and brought into light. Most of the problems are statements to
be proved and others are challenges: calculate, find. Each chapter contains a very
short section, consisting of hints. The hints help the reader to point to the heart
of the problem. Detailed solutions are given for nearly all of the problems and for
the remaining problems references are provided. I would like to hear about other
solutions as well as comments, remarks, and generalizations on the existing ones.

I have not attempted to document the source of every problem. This would be
a difficult task: on the one hand, many of the problems of this volume have been
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discovered by the author over the last decade, some of them have been published in
various journals with a problem column, and others will see the light of publication
for the first time. Also, there are problems whose history is either lost, with the
passing of time, or the author was not aware of it. I have tried to avoid collecting
too many problems that are well known or published elsewhere, in order to keep a
high level of originality. On the other hand, other problems of this book arose in a
natural way: either as generalizations or motivated by known results that have long
been forgotten; see the nice alternating series, due to Hardy, recorded in the first
part of Problem 3.35. For such problems, when known, the source of the problem is
mentioned, either as a remark, included in the solution, or as a small footnote which
contains a brief comment on it.

As I mentioned previously, this book specializes on three selected topics of
mathematical analysis: limits, series, and special integrals. I have not collected
problems on all topics of analysis because of many problem books, both at the
elementary and at the advanced level, that cover such topics. Instead, I tried to offer
the reader problems that don’t overlap with the existing ones in the literature and
others that have received little or no coverage in other texts. Whether I succeeded or
not in accomplishing this task is left to the reader to decide, I accept the criticism.

The level of the problems is appropriate for Putnam exams and for problem
sections of journals like The American Mathematical Monthly and other journals
that have problem sections addressed to undergraduate students. The problems
require thorough familiarity with sequences, limits, Riemann integrals, and infinite
series and no advanced topics of analysis are required. Anyone with strong
knowledge in calculus should be ready for almost everything to be found here.

This book is mainly addressed to undergraduate students with a strong back-
ground in analysis, acquired through an honors calculus class, who prepare for
prize exams like the Putnam exam and other high-level mathematical contests.
Mathematicians and students interested in problem solving will find this collection
of topics appealing. This volume is a must-have for instructors who are involved in
math contests as well as for individuals who wish to enrich and test their knowledge
by solving problems in analysis. It could also be used by anyone for independent
study courses. This book can be used by students in mathematics, physics, and
engineering and by anyone who wants to explore selected topics of mathematical
analysis.

I also address this work to the first and the second year graduate students who
want to learn more about the application of certain techniques, to do calculations
which happen to have interesting results. Pure and applied mathematicians, who
confront certain difficult computations in their research, might find this book
attractive.

This volume is accessible to anyone who knows calculus well and to the reader
interested in solving challenging problems at the monthly level. However, it is not
expected that the book will be an easy reading for students who don’t have at their
fingertips some classical results of analysis.
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I would like to express my great appreciation to Alina Sintamdrian, who read
substantial portions of the manuscript and provided many helpful comments and
spotted numerous misprints.

I also thank my parents for all of their support during the preparation of this
manuscript. Without their effort this book would not have been written.

I am grateful to anonymous referees for their comments and suggestions that led
to the improvement of the presentation of the final version of this volume.

Thank you all!

In conclusion, I say to the readers who may use this book: good luck in problem
solving since there is no better way to approach mathematics.

Campia Turzii, Romania Ovidiu Furdui
December 2012



Contents

1 Special LImits ... 1
1.1 Miscellaneous LimitS..........oooviiiiiiiiiiii e, 1

1.2 Limitsof Integrals ... 7

1.3 Non-standard Limits...........ooooiiiiiiiiiiiiiiiii i 13

1.4 OpenProblems ... 15

L5 HINES Lo 16
1.5.1 Miscellaneous Limits ..............cooooiiiiiiiiiiiiii... 16

1.5.2 Limits of Integrals.............ooooiiiiiiiiiiiiiiii . 20

1.5.3 Non-standard Limits ...............ooooiiiiiiiiiiiii... 23

1.6 SOIUtIONS ..o 25
1.6.1 Miscellaneous Limits ...............ocociiiiiiiiiiii... 25

1.6.2 Limits of Integrals..............oooiiiiiiiiiiiiiiiii . 54

1.6.3 Non-standard Limits ..., 83

1.6.4 Comments on Two Open Problems ........................... 97

2 Fractional Part Integrals ... 99
2.1 Single Integrals ........cooiiiii i 99
2.2 Double Integrals .........cooiiniiiiiiiiiiii i 103
2.3 QUICKIES ..ttt ettt 107
24 OpenProblems ..........cooiiiiiiiiiii 108
2.5 HINES .ot 109
2.5.1 SingleIntegrals............cooiiiiiiiiiiiiii 109

2.5.2 DoubleIntegrals...........ccooiiiiiiiiiiiiiiii 110

2.5.3  QUICKIES +uuuneetetiiie e 111

2.6 SOIULIONS ..ot 111
2.6.1 SingleIntegrals............ccooiiiiiiiiiiiii 111

2.6.2 Double IntegralS...........cccoiiiiiiiiiiiiiiii 124

2.6.3  QUICKIES . \uuneeetitiiee et e 134

3 ABouquetof Series...........ccooiiiiiiiiiiiiii 139
3.1 SIngle Series ..o..uuuiie it 139
3.2 Alternating Series .........ooouuiiiiiiiiiie i 143

XV



XVi Contents

3.3 Alternating ProductS........ooeuuiiiiiiiii e 146

3.4 HAarmomnic SErieS ... ...ueeeetnnuttitet et e e, 148

3.5 Series Of FUNCHONS ...oovviinitiit it 151

3.6 MUltiple Series. ... ....eetiiitie et 155

3.7 Open Problems ........coooiiiii i 163

3.8 HINES ottt e 164
3.8.1  SIngle Series.....coovnuuiiiieiiiiii e 164

3.8.2  Alternating Seri€s .........cceeviiiiieeieiiiiiieeiiiiieen.. 165

3.8.3 Alternating Products ............ooooiiiiiiiiiiiiiiiiii., 166

3.8.4 Harmomnic Series........uuueeeeiiiiiiiet e eiiieee.. 166

3.8.5 Series of FUNCtions.........c.ccooviiiiiiiiiiiiiiiiiiiiiiiee... 167

3.8.6 Multiple Series .....oouuuiieiiiiii e 167

3.9 SOIULIONS .. eeete et 169
3.9.1  SIngle Series.....couinuuuiiiieiiii e 169

3.9.2  Alternating Seri€s .........coeeviiuuiieeieiiiiiieeeiiiieeee.. 187

3.9.3 Alternating Products ............oooiiiiiiiiiiiiiiiiiii, 200

3.9.4 Harmomnic SerieS.......uuueeeeeiiiiiee et eeiaaeeees 206

3.9.5 Series of FUNCtioNS ........coovviiiiiiiiiiiiiiiiii i 218

3.9.6 Multiple Series ......ouuueeiiiiiiii e 229

A Elements of Classical Analysis................................oooL L. 253
ALl EXOtC CONSLANTS ... vveetttett ittt e e e e e e e eeeeee 253
A2 Special FUNCtONS ......ooviii i 256
A3 Lemmasand Theorems. ..........coeviiiiiiiiiiiiiiiiiiieiiniiee... 258

B Stolz—Cesaro Lemma ................cooiuiiiiiiiiiiiii i 263
References. ... .......ooiiiiii 267



Notations

N The set of natural numbers (N = {1,2,3,...})

Z The set of integers (Z=1{...,—2,—1,0,1,2,...})

R The set of real numbers

R* The set of nonzero real numbers (R* =R\ {0})

R The completed real line (R = R U {—oc0,c0})
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la] The integer part (the floor) of a, that is the greatest integer not exceeding a

{a} The fractional part of the real number a, defined by {a} = a — |a]

|[flle  The supremum norm of f defined by || f|]e = sup,c(y s [ (%)

Landau’s notations  f(x) = o(g(x)), as x — xo, if f(x)/g(x) — 0, as x — xo
f(x) = 0(g(x)), as x — xo, if f(x)/g(x) is bounded in a neighborhood
ofxo
f~g, asx— xo, if lim,_,,, f(x)/g(x) exists and is finite

R(z) The real part of the complex number z

n! n factorial, equalto 1-2-3---(n—1)-n  (n€N)

@m)l!  2:4---(2n—2)-2n (neN)

Qn+DIt 1:3--2n—1)-2n+1) (neNU{0})

(

Z) The binomial coefficient indexed by n and k is the coefficient of the x*
term in the polynomial expansion of the binomial power (1 4 x)"
A The Glaisher—Kinkelin constant

A= hmn%w(1122 . .nn)/(nn2/2+n/2+1/1267n2/4)
= 1.2824271291 00622 63687 ...

e The Natural Logarithmic Base (Napier’s Constant)
limy, (14 1/n)"=2.71828 18284...
Y The Euler—-Mascheroni constant

y=limye(1+1/24---+1/n—Inn) = 0.57721 56649 01532 86060. ..
Y The Stieltjes constants

Yo = limpeo (T2 (Ink)" /k — (Inm)" ™' /(n+ 1))
G Catalan’s constant

G=3"o(—1)"/(2n+1)*>=0.91596 55941 772...
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function
2z=1)(z=2)--(z—n+1) = T}_os(n. k)"
H, The nth harmonic number
H,=1+1/24+---4+1/n
r The Gamma function (Euler’s Gamma function)
[(z) = [7x e ¥dx, R(z) >0
B The Beta function (Euler’s Beta function)
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Chapter 1
Special Limits

The last thing one knows when writing a book is what to put
first.
Blaise Pascal (1623-1662)

1.1 Miscellaneous Limits

One says that a quantity is the limit of another quantity if the
second approaches the first closer than any given quantity,
however small. . .

Jean le Rond d’ Alembert (1717-1783)

1.1. Let a be a positive number. Find the value of

n

zn+k06

1.2. Calculate

1.3. Find the value of

O. Furdui, Limits, Series, and Fractional Part Integrals: Problems in Mathematical 1
Analysis, Problem Books in Mathematics, DOI 10.1007/978-1-4614-6762-5_1,
© Springer Science+Business Media New York 2013



2 1
1.4. Find the value of . )
1 n
im 2 {7}

where {a} denotes the fractional part of a.

1.5. The behavior of a remarkable geometric mean. Calculate

V(G ()
now 2172

1.6. Let p > 1/2 be a real number. Calculate
nP
i 1
lim .
e (k—l (Z)P>

nlgg(( % (2%—%)) —n).
k=n+1

1.8. Let a be a positive real number. Calculate

- (_M_f)

1.7. Find

n—yeo n+1 n

1.9. Leta € (0,0). Calculate

1 1 1 1 1 1
lim (eﬁF*”*m _ez+m+'”+m) .
n—soo

Special Limits

1.10. For positive integers n, let g, = 1+ 1/24---4 1/n — Inn. Prove that

% 2n
lim ( &n > _—
n—oo ’ygn Y

1.11. Find

1.12. Let o be a positive real number. Calculate

n k ok
fim > <‘> -
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1.13. A Wolstenholme limit. Let s be any positive real number. Prove that

; m k sm es
rrltl—IEo]g‘l <Z> e —1

1.14. Prove that

O R HORORO)

where I denotes the Gamma function.

1.15. Let o and B be positive numbers. Calculate
nlgr;]‘[ (1 += ) :
1.16. Let o be a real number and let p > 1. Find the value of

nP + (o — 1)kP~!
351301;[ nb —kp—1 ’

1.17. Let k and o be positive real numbers. Find the value of

ok
Jlim n H an v
j=n’

1.18. Let k > 1 and p > 2 be integers and let (x,),cn be a sequence of positive
numbers such that lim,_e.x,/ {/n = L € (0, ). Calculate

lim Xn+ Xnt1 +"'+xkn.

n—soo nx,

1.19. If (x,)n>1 is a sequence which converges to zero and lim,, se. 7 (X, — X, 4 1) =
[ € [—oo,00], with k > 1, then lim, e n*x,, = 1/ (k— 1).

1.20. Let a and b be two nonnegative real numbers. Calculate

n
1
lim

'H“’kz'l n+k+b+vVn:+kn+a
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1.21. Leta, b, and c be positive numbers. Find the value of

4 k+a
lim 2
n—es & \/n2 4 kn+b-/n? +kn+c

1.22. Leta, b, and ¢ be nonnegative real numbers. Find the value of

fim 4 Vn2+kn+a
n—ree /2 ViZ¥kn+b- V2 +kn+c

1.23. Leta, b, and ¢ be nonnegative real numbers. Find the value of

hm%iz

noend 5 S 242 +az+b1+c

1.24. Letx € R. Prove that if lim,_,..cos(nx) = 1, then x is a multiple of 2.

1.25. Let a, b, and o be nonnegative real numbers and let 8 be a positive number.
Find the limit

X (Pt knta)®
1 S i e
2kt )P

1.26. An iterated exponential limit. Let » > 1 be a natural number and let

x

ORI
where the number of x’s in the definition of f; is n. For example,
filk)=x, fHx)=x, fH)=x",....
Calculate the limit

i 10) = i ()
x—1 (1 —x)” ’

1.27. Iterated exponentials.

(a) Let (xx)r>1 be the sequence defined as follows:

(continued)



1.1

Miscellaneous Limits

(continued)

In other words the sequence (xy)r>; is defined as “the fraction 1/(2k + 1)
appears as an exponent in the definition of x; exactly 2k + 1 times.” Prove that
the following inequalities hold

! <x < k>1

2k+1 S m@2k+1) T

(b) Let (yx)x>1 be the sequence defined by
1 i
1 2%

= ,
where the fraction 1/(2k) appears exactly 2k times in the definition of y,. For
example,

Yk

1
1%
46"
1%
)’1—27 y2—4 ) )’3—6

Prove that, for k > 10, the following inequalities hold

=

1
——— < <l—=.
n(2k) % 2%
Open problem. Find the asymptotic expansion, or the first few terms, of the
sequences (xg)r>1 and (g )g>1-
(c) Does the limit exist? Let f : (0, 1) — R be the function defined by f(x) =
x*, where the number of X's in the definition of f (x) is L%J For example,
1
13
f(3) =313 .Findlim, o+ f(x) or prove that it does not exist.

1.28. A double Euler—Mascheroni sequence. Let

Prove that

(@ x, = 1+ (2n+ 1)Hzpy1 — (2n+ 2)H, 41, where H, denotes the nth
harmonic number.

(b) limy—yeo(x, — (2n+1)In2+1nn) = —1/2—.

(¢) lim,_ye0xp/n=21n2.
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1.29. The limit of a multiple sum. Let k£ > 2 be an integer and let m be a
nonnegative integer. Prove that

lim —— 1 i i 1 : i( 1)"j"‘2<k_1)1n'
noeo gl S it it m (k—l)!j:2 J j—1 J:

1.30. Leta > 1 be a real number and let k be a positive number. Prove that

k oo

X 1 k
lim Y —— —
m zan+xk

x—eo Inx “ Ina
n=0

and
P el k
1 Inlnx | — =0.
im Inlnx m nzba"-i-xk o

The Riemann zeta function £, is a function of a complex variable defined, for

R(z) > 1, by §(z) =Xy 1/n%.

1.31. (a) Leta be a positive real number. Calculate

lim a" (n—£(2) = ¢(3) —---— C(n)).

n—soo

(b) Determine

1.32. (a) Let f:[0,1] — R be a continuously differentiable function and let

Q)5

Calculate limy,—seo (X1 — X5 )-
(b) Open problem. What is the limit when f is only continuous?

1.33. Find

. L 1
r}gg <2 arctan T lnn> :

k=1



1.2 Limits of Integrals
1.2 Limits of Integrals

The infinite! No other question has ever moved so profoundly
the spirit of man.

David Hilbert (1862-1943)

1.34. Find the value of
/2

lim Vsin" x + cos xdx.
0

n—oo

1.35. Let o > 2 be an even integer and let x € [0, 1]. Find the value of

1
lim n# / (1= (1 —x)%)"dr.
0

n—yeo

1.36. Let a and b be real numbers and let ¢ be a positive number. Find the value of

b dx
lim — > —3 .
n—eJq c+sin“x-sin“(x+1)---sin“(x+n)

1.37. Let k be a positive integer. Find the value of

(1 + X" Tn(1 + X"
L:lim/ IO+ 1 and liman / I+ 1),
n—e Jo  In(14x") n—e \Jo In(1+x")

1.38. A Frullani limit.

(a) Let f:[0,1] — R be a continuous function and let 0 < a < b < 1 be real
numbers. Prove that

U flax) = f(bx) . b P fx)
/O—dx—f(O)lna / ax.

X

(b) Let f:[0,1] = (—1,1] be a continuous function. Find the limit

lim
n—soo

R
0 X

1.39. (a) Let k be a positive integer. Prove that

1 X" S !
li 2/ de=k ) ——03.
i Jo Tk a2k 4 gk 2 (1+ km)?

m=0
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(b) More generally, let k be a positive integer and let f : [0, 1] — R be a continuous
function. Prove that

lim n — .
m=0 (1 +km)

N—yoo 0 1+xk+x2k+_,,+xnk

1.40. Let f: [0,7m/2] — R be a continuous function. Find the value of

T .
o1 3 sin?nx
lim — —
n—ep Jo  sin“x

S(x)dx.

1.41. Let f: [0,1] — R be an integrable function which is continuous at 1 and let
k > 1. Find the value of

1 1
lim —/ (x+2kx2+3kx3+---—|—nkx”) f(x)dx.

n—soo pk 0
1.42. Let f:[0,1] — R be an integrable function which is continuous at 1. Find the

value of
. Vg xk
}}gr;n/o (2 I) f(x)dx.

k=n

1.43. Let f:[0,1] — R be an integrable function which is continuous at 1. Calculate
2
Ha
li — dx.
5130”/0 (,; k ) &)

1.44. Leta > 0 and b > 1 be real numbers and let f : [0,1] — R be a continuous

function. Calculate
a 1
lim nf / iGN
n—o  Jo 14 ndxb

1.45. Let g : [0,1] = [0,0) be an integrable function such that [ g(x)dx = 1 and
let f: [0,1] — (0,0) be a continuous function. Find the value of

lim (/Olg(x)\"/mdx)n.

n—roo

1.46. (a) Let f:[0,1] — R be a continuous function. Find the value of

lim /n

/2
sin” xf(cosx)dx.
0

(b) Letg:[0,7/2] — R be a continuous function. Find the value of

/2
lim /n g(x)sin" xdx.
0

n—yoo
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1.47. A limit of Pélya and Szego. Let a < b and let f : [a,b] — [0,0) be a
continuous function, with f # 0. Calculate

g Ju S ()
e ds

1.48. The limit of » times a difference of two nth roots. Let f : [a,b] —
[0,0) be a continuous function. Calculate

i {'//abf”“(x)dx— \"//abf"(x)dx) :

1.49. If h,g: [0,0) — (0,0) are integrable functions such that for all nonnegative
integers n,

/h )¥'dx <o and / X)X dx < oo,

then

rhe)ds ()
Ly g(x)x"dx =0 )

provided that the right-hand side limit exists.

1.50. Let f: [0,00) — (0,00) be positive and monotone decreasing such that for all
nonnegative integers n,

JEEE
and let F(x) = [” f(¢)dr. Then
O f)
T R E Q)

provided that the right-hand side limit exists.
1.51. When is the limit equal to the supremum norm of f?

(a) Let f:[0,1] — [0,°°) be a continuous function that attains its maximum either
at 0 or at 1. Prove that

1
lim ¢ | ) s = 1] (L)
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Conjecture. Prove thatif f is a function that does not attain its maximum at O or 1,
then strict inequality holds in (1.1).
(b) Let g:[0,1] — [0,0) be a continuous function which attains its maximum at 1.

Prove that
1
}5130\//0 g(x)g(vx)--- g(x)dx = |[g]o.

Open problem. Does the result hold if g is a function which does not attain its
maximum at 1?

1.52. Evaluating an integral limit. Let f : [a,b] — [0, 1] be an increasing function
which is differentiable at b with f(b) = 1 and f’(b) # 0, and let g be a bounded
function on [a, b] with lim,_,,- g(x) = L. Find the value of

b
lim n/ F(x)g(x)dx
n—eo  Ju
assuming that the integral exists for each positive integer n.

1.53. Let f:[0,1] — [0,1] be an increasing function which is differentiable at 1
with f(1) =1 and f'(1) # 0, and let g be a bounded function on [0,1]. Find the
value of

1
fim n / P02 dx
n—eo  Jo
assuming that the integral exists for each positive integer .

1.54. Letk > 2 be an integer and let f : [0,o) — R be a bounded function which is
continuous at 0. If x is a positive real number, find the value of

lim \/_ @) L _dr.

n—es " Jo (1 —i—tk)

1.55. Let o > 0 be a real number and let B > 2 be an even integer. Let x € R
be a fixed real number and let f : R — R be a bounded function on R such that
lim,_, f(¢) = L. Prove that

o 2rL
. oc/B/ S0 4 .
e T o —x)p Y T Bsinn/B

1.56. Let 2 : R — R be bounded and continuous, let x be a fixed real number, and
let k > 2 be an even integer. Find the limit

lim \/— (x—i—t)e*'”kdt.

n—yoo
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1.57. Letk > 1 be an integer. Calculate

Y n
lim (1—x—k> dx.
0

n—roo n

1.58. Let k > 0 be an integer. Calculate

1 /71— n
1imn’<+1/ (—x> .
N—soo Jo \1+x

1.59. Let a > 1 be a real number and let f : [1,o0) — R be a continuous function
such that, for some o > 0, lim,_,.. x* f(x) exists and is finite. Calculate

l:r}ij;n/laf(x")dx and  lim (n/laf(x")dx—l>.

1.60. The limit is a log integral. Let f : [0,1] — (0,0) be a function such that
(In f(x))/x is integrable over [0, 1] and let g : [0,1] — R be an integrable function
which is continuous at 1. Prove that

lim n? 7 g(x)dx — (1 s g,
lim (/ )g(x /g > )/0 e

1.61. (a) Let p and k be nonnegative real numbers. Prove that

n—roo

lim n? (/01 {’/(1 + XY (1 xm4P)dx — 1) = {(2).

(b) More generally, if f :[0,1] — (0,e) is a function such that (Inf(x))/x is
integrable over [0, 1], then

}}ggn2</ol\"/Jde—1)_2/01@dx

1.62. Let a and b be positive real numbers. Prove that

n b
lim / /1—|—ax ln(l—l—x)dx'
n—yeo l—l—bx” X

1.63. (a) Let f:[0,1] — R be an integrable function such that lim, o+ f(x)/x
exists and is finite, and let g : [0,1] — R be an integrable function which is
continuous at 1. Prove that

timn [ s etan=g(n) [
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(b) Let f and g be two integrable functions which are continuous at 1, with g(1) # 0.

Calculate
o X f (x)dx

ne [l xng(x)dx

1.64. Let f:[0,1] — R be continuous and let g : [0,1] — R be a continuously
differentiable function. Prove that

L= timn [ )gan=g) [ sax

n—soo

and

lim n (n/olx"f(x”)g(x)dx—L> - —(g(1)+g’(1))/01 wdx.

n—roo

1.65. Two forms of Abel’s lemma for integrals.

(a) Prove that

lim G/we*"’ 1)dt = lim f(x),
tim o ["e79 fo)dr = lim £(x)
where f is a locally integrable' function for which both the integral and the limit
are finite.

(b) Let o be a positive real number and let g : (0,0) — R be a locally integrable
function such that [;” g()ds < co. Prove that

lim/ g(t)efptadt:/ g(t)de.
0 0

p—0t
1.66. Let f: [0,1] — R be an integrable function and let & € (0, 1). Prove that

1

fim [ (1= f(x)dx = / ')
n—e J( 0
and

fim n® ( /0 LY - /0 1 f(x)dx> 0.

n—yoo

1.67. Let f,g:[0,1] — R be two continuous functions. Prove that

1

1
tim [ £ )= 1(0) | g(w)a

n—ee J

'A measurable function ¢(t) on R is locally integrable, ¢ € L} , if || is integrable over any
compact set (see [56, p. 215]).
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1.68. Let f: [0,1]> — R be an integrable function over [0, 1]?. Find the value of

1

lim /0 /0 1(x—y)”f (x,y)dxdy.

n—soo

1.3 Non-standard Limits

I will be sufficiently rewarded if when telling it to others you will
not claim the discovery as your own, but will say it was mine.

Thales (circa 600 BC)

1.69. 2 A Lalescu limit. Let 72 > 0 be an integer and let f be a polynomial of degree
m whose coefficient in the leading term is positive. Then

tim ((F(e+ 2T (42)) 75 — (Fe+ DM+ 1)) = -

X—$oo

and

X—yoo

Jim x <(f(x+2)r(x+z))1ix (Pt )T+ 1)F — é) - é <m+%> ,

where I' denotes the Gamma function.

1.70. (a) Let f and g be two continuous functions on [0, 1]. Prove that

1

tim [ ({2}) swax= [ rwax [ g,

n—eo J

where {a} = a — |a| denotes the fractional part of a.
(b) A special case. Let f : [0,1] — R be a continuous function. Prove that

lim (/Olf({ZDdx—/Olf(x)dx) zé/olf(x)dx—/ole(x)dx.

2The problem is motivated by the following limit of Traian Lalescu (see [82])

Jim (/)1 Ga) = 1/
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1.71. A Fejer limit. Let f € L'[0,1] and let g : [0,1] — R be a continuous
function. Prove that

tim [ r9g(im)ax= [ oo [ gwax,

n—seo

where {a} = a — |a] denotes the fractional part of a.

1.72. Let f,g:[0,1] x [0,1] — R be two continuous functions. Prove that

im [ [ 7ty tpsteniasay = [ [ penasay. [ [ e yyanay

n—yoo
where {a} = a — |a| denotes the fractional part of a.

1.73. Let f: [—1,1] x [-1,1] = R be a continuous function. Prove that

1 1 2w
lim / f (sin(xt),cos(xt))dx = — f(sinx,cosx)dx
t—oo J_ 1 T Jo
and
S| 1 2w 2w
lim / / f (sin(xt),cos(yt)) dxdy = — f(sinx,cosy)dxdy.
t=eeJ 1.1 = Jo

1.74. The limit of a harmonic mean. Let f : [0, 1] — R be a continuous function.

Find the limit
1 -1 n
lim/ / f  E— dxy -+ - dxy,.
n—eo J Jo x_l_|_..._|__

Xn

1.75. Let f:[0,1] — R be a continuous function. Find the limit

gt -1
tim [ [ f () d e d,

n—yoo

1.76. The limit of a harmonic and a geometric mean. Let f,g:[0,1] —» R
be two continuous functions. Find the limit

1 1
tim [ [ f(*) g (YT ) -+~ .
0 0

1 1
et —_ e _—
n— x1+ _|_xn
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1.77. Let f:[0,1] — R be a continuous function. Find the limit

hrn/ / x1x2 _ln—l dxy - - dxy,.
Nn—roo )C_1++E

1.78. Let f,g:[0,1] — R be two continuous functions. Find the value of

. n{yY/x; Xy
hm/ / < )dxl -dx,.
n—soo xn

1.4 Open Problems

“Obvious” is the most dangerous word in mathematics.

Eric Temple Bell (1883-1960)

In this section we collect several open problems that are motivated by some of the
exercises and problems from the previous sections. The first problem is motivated
by Problem 1.51, with f(x) = x(1 — x) being a function that attains its maximum at
1/2. Problem 1.80, which gives the behavior of a finite product, is closely related
to an exercise from the theory of infinite series (see Problem 3.3), Problem 1.82 is
motivated by Problems 1.70 and 1.71, and Problem 1.83 generalizes Problems 1.42
and 1.43.

1.79. Are the limits equal to 1/4? Calculate

. 2 1 n(n+1)
lim / x 2 (1—=x)(1—x%)--- (1 —x")dx
n—poo 0

and

lim (‘//lx“%*‘“*i(l —x)(1 =) (1= ¥/x)dr.
n—seo 0

1.80. (a) Let n > 2 be a natural number. Prove that

2 ‘/—<H2 Ve) <

n—1

(b) Prove that lim,, ;.. n[]}_,(2 — ¥/e) exists.
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(c) Open problem. Determine, if possible, in terms of well-known constants the
limit

n—soo

timn[](2— VVe).
k=2

1.81. A Gamma limit. Prove that
n k —k y
limz<l"<—>> -
n—veo n eV —1

1.82. Let f,g:[0,1] — R be two continuous functions. Calculate

im [ (s ({2) e

n—oo
where {a} = a — |a] denotes the fractional part of a.

1.83. Let «, B, and p be positive real numbers and let £ : [0, 1] — R be an integrable
function which is continuous at 1. Calculate

B
o X
r}glgona/() <zk_p> f(x)dx.

k=n

1.5 Hints

A hint is a word, or a paragraph, usually intended to help the
reader to find a solution. The hint itself is not necessarily a
condensed solution of the problem; it may just point to what 1
regard as the heart of the matter.

Paul R. Halmos (1916-2006)
1.5.1 Miscellaneous Limits

Constants don’t vary—unless they are parameters.

Anon.

1.1.1/(n+n%) <1/(n+k*) <1/(n+1)for1 <k <n.

1.2. Observe that 1/2+2/34---4+n/(n+1) =n+1— Y41 —In(n+ 1), where
Yoy1=1+1/24---+1/(n+1)—1In(n+ 1), and study the behavior of the logarithm
of the sequence in question.
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1.3. Use Stolz—Cesaro lemma (the oo /o case).
1.4. Observe the limit equals [, {1/x}*dx.

1.5. Study the behavior of the logarithm of the binomial sequence and use the
definition of Glaisher—Kinkelin constant.

1.6. Observe that, for n > 6, one has

i <1+ 2 n vian +n—5
S o wr(n—=1)r - (HP

ul'\’

1.8. Let x, = v/n! /n. Calculate Inx,, | — Inx, by using Stirling’s formula and apply
Lagrange’s Mean Value Theorem to the difference Inx,,; — Inx,.

1.9. Factor outexp(l/a+1/(a+1)+---+1/(a+n—1)).
1.11. Note that

and

2n 4 n m2+1 42n n! 4
fi(£)- (75) e

k=1 m=1

Approximate 42" (n!)*/((2n)!)? by Stirling’s formula and use the well-known limits
limy, e TI2" (1 4+ 4/k%) = (e¥* — e~ ") /4 and lim, o [T{_; (1 + 1/k%) = (e”

e ™)/2m.

1.14. Prove that

. 1
lim = -,
n—yeo n e

and then apply Lagrange’s Mean Value Theorem to f(x ) = Inx on the interval
["+\l/r(1/1)r(1/2)- T(1/n+1)/n, /T(I/DT(1/2)- (1/n)/n]
1.15. Letx, = Y;_, In (1 +k%/nP) and note that

In l—i—ﬂ nopo In l—i—E n o
. nP k e < P k
N e Bl (s ol DY 2
i k=1 i k=1
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1.16. Letx, = Y7, In (14 ot k?~' /(n” —kP~")) and observe that

kP!

(14 et
Pl kP Z g1 S

T k=1

okl~!
- In (1+W) i akP~!
max )
k=1, _oak—! nP —kr-1
seres Py k=1

1.17. Apply Lagrange’s Mean Value Theorem to f(x) = ¢* and note that

o k+1 oo __ 2« oo
] - . Zj:nln<1 s > . 20 0,
-l =1 e = =3 =g ) e
Jj=n

=t o

where 6, € (X7, In (1 — 20/(j*'+a)),0).

1.18. Prove that, for 0 < € < L and large n, one has

L—e Yn+n+1+--+Vkn X A

L+e n{/n nxp
L+e Yn+{n+1+--+ Vin
SI ¢ n{n '

1.19. Apply Stolz—Cesaro lemma (the 0/0 case).

1.20. Prove that the sequence

n
1
2 \n+k+b+vnt+kn+a

is bounded above and below by two sums that are the Riemann sums of the
function f(x) = 1/(1+x++/1 +x) on the interval [0, 1] associated with the partition
0,1/n,...,(n—1)/n,1 and special systems of intermediary points.

1.21. Note that if b < ¢, then

k+a < k+a < k+a
n2tkntc~ nEfkn+b-Vn? +kntc nP+kn+b

and show that if o and 8 are nonnegative real numbers, one has
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1.22. Note that if b < ¢, then

\/n2—|—kn—|—a< V2 +kn+a <\/n2—|—kn—|—a
n+kn+c ~ \/i2+kn+b-Vnil+kn+c~ n’+kn+b

and prove that if o and 3 are nonnegative real numbers, one has

n yav) k
1im2wf2\/_ 2.
n—e & n? - kn+f3

1.23. It suffices to prove that if k > 0 is a real number, then

1 & ij 2(V2-1)
et S A VT (k) 3

1.24. Use that sin? (nx) + cos?(nx) = 1.
1.25. Observe that

o
k
i (n* +kn+a)* B n2% 1 i (1+2+n%)
S (2 kn+b)P n2P-1 on & (

and prove that if a,b,u > 0 are real numbers and v > 0, one has

u
1 & (1+§+n%) 1
1 ﬁ:/ (1+x)”7vdx.
n—oo 1
k=1 (1+;+n7) 0

1.26. Denote the value of the limit by L,, use that f,(x) = exp(fy—1(x)Inx), and
apply Lagrange’s Mean Value Theorem to the exponential function to prove that
L,=—L, .

1.28. Use that 1/(i+ j) = [y x'*/~'dx and interchange the order of integration and
the order of summation.

1.29. Observe the limit equals

/ / _dxgdp---dyg
X +x2+- + X
This integral can be calculated by using that 1 /a = [; e~ “*dx.

1.30. Show, by applying Lagrange’s Mean Value Theorem to the function F(n) =
o dt/(a' +x*) on the interval [n,n + 1], that

/°° dr <i 1 </°° dr n 1
0 d+xkT Sar+xk T Jo al+xk 0 1T4xk
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1.32. Apply Lagrange’s Mean Value Theorem to the difference f(k/(n+1))—
f(k/n) and use the uniform continuity of f”.

1.33. Add and substract 1/k from the finite sum and then use the power series
expansion of arctan to prove that

oo

i (arctanl/k—1/k) =
k=1

n=1

=

—~

_1)
2n+1

L(2n+1).

The last series can be calculated in terms of the Gamma function.

1.5.2 Limits of Integrals

Mathematics is trivial, but I can’t do my work without it.

Richard Feynman (1918-1988)

1.34. Prove that v2 < foﬂ/z Vsin" x + cos" xdx < /2 - /2.

1.35. Reduce the problem to proving that if k € (0, 1] is a fixed real number, one has

k
1imné/ (1—y")'dy=T(1+1/a).
0

n—soo

1.36. Use Arithmetic Mean—Geometric Mean Inequality to prove that

/b dx < /b dx
Ja ¢+ sin®x - sin’ (x+ 1) ---sin? (x+ I’l) “Ja 1 sin(n+1)cos(n+2x) ntl’
¢+ (2= 2 Dsit

Apply Fatou’s lemma and show that

. b dx b—a

lim / T

Ja 1 sin(n+1)cos(n+2x) nt c
¢+ (2~ 3 1)sit

1.38. Fix € > 0 and prove that

/1 Hlax) = fbx) 4 Fle)in2 - /b ) 4
€ a a t ’

X
where ¢ € [ag, be].
1.40. First, show that if n is a nonnegative integer, then

2

T .
2 sin“nx nw
[,
0 sin“x 2
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Second, prove that if £ > 0 is an integer, one has

im 1 %sinzznxxkdx: I if k=0,
0 if k>1.

n—epn Jo  sin“x

Then, use that any continuous function defined on a compact set can be uniformly
approximated by polynomials.

1.41. Use Stolz—Cesaro lemma (the /o case) and prove that if f is integrable and
continuous at 1, one has lim,,_,.. n fol X' f(x)dx = f(1).
1.42. Apply Stolz—Cesaro lemma (the 0/0 case).

1/b

1.44. Use the substitution x = (y/n®)"/” to prove that

W fl o yl/b-1 1/b
a (y)d
nb/o 1—|—n“x” b/ l+y < n“) >X ()dy

and calculate the limit of the last integral by using Lebesgue Convergence Theorem.

1.45. Use the technique for calculating limits of indeterminate form of type 1%.

1.46. First, prove that if p > 0 is an integer, then

E 'f =
lim \/_ sm”xcos” xdx = » i p=0,
0 if p>1.

n—soo

Second, use that a continuous function on a compact set can be uniformly
approximated by polynomials.

1.47. Observe that [ f™!(x)dx < M [! f"(x)dx, where M = sup, i, f(x).
To prove the reverse limit inequality apply Holder’s inequality, with p = (n+1)/n
and g = n+ 1, to the integral fabf” (x)dx

1.48. Express the two nth roots as exponential functions and then apply Lagrange’s
Mean Value Theorem.

1.52. Use the &€ — & definition of the differentiability of f and of the limit of g at b
and determine the behavior of the product f"(x)g(x) on (b — J,b). Then, study the
limits of the two integrals
b8 b
n[ @@ and 0 g

a b—§6

1.53. Use the substitution x” =y and study the limits of the two integrals

[ romnt gy ana [ etay

where € > 0.
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1.54. Use the substitution 7 = y//n and calculate the limit of the integral
/x"ﬁ fO//m)
RIS
o (14+y/n)
by using Lebesgue Convergence Theorem.

1.56. The problem reduces to the calculation of the limit of the integral

./Ow (h <x+ ((/%) +h (x— ﬁ)) b,

which can be done by using Lebesgue Convergence Theorem.

1.57. Use the substitution x* =y and the inequalities 0 < e~ — (1 —x/n)"
x*e™*/n, for0 < x < n.

1.58. Use the substitution (1 —x)/(1 +x) =y and integrate by parts, k times, the
integral

P =y
n
———dy.
/o y (1+y)k2 Y
1.59. Prove that / equals [;” f(x)/xdx by making the substitution x" =y and by
calculating the limits of the two integrals

/m@y%dy and /m@y’d
1y a Y

The second limit equals [;”(f(y)Iny)/ydy and reduces to the calculation of the
limits of the integrals

n/lwfg}y)(yn—l)dy and n/ f ly

1.60. Write

(/ f(xm)g(x)dx— /g ) /lwem(@n(y))g(y%)y%dy,

where the equality follows based on Lagrange’s Mean Value Theorem applied to
the function x — exp(x) and 6,(y) is between L 1Inf(y) and LInf(0) = 0. Then,
calculate the limit of the last integral by using Lebesgue Convergence Theorem.

1.61. Follow the ideas from the hint of Problem 1.60.

1.63. Use the &€ — 0 definition of lim,_,q+ f(x)/x and calculate the limit of the
integral

1
/ @g(yl/”)yl/”dy-
0y
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1.64. For proving the first limit, make the substitution x* =y and use the Bounded
Convergence Theorem. Write the second limit as

[0 (/70— (1))

integrate by parts, and use the Bounded Convergence Theorem.

1.65. (a) Use the € — § definition of lim,_,.. f(x) and the fact that & f;" e %'dr = 1.
(b) First, observe that if ¢ is a positive real number and f : (0,0) — R is a locally
integrable function such that lim,_,.. f(¢) = L, one has

lim p/ f(Oa* e dr =L

p—0t

Second, integrate by parts to get that

oo o o0 ¢ o
/ g(t)e P dt :poc/ </ g(s)ds> e Py
Jo Jo \Jo

and use the observation to show that the limit equals ;" g(¢)dr.
1.66. First, show that

/Ol(l—x")”dx:(1/n)-B(n+1,1/n) and  Tim [ (1—x")dr=1.

n—ee J

Second, observe that

(1—x X)dx — /f '<M/01(1—(1—x")”)dx,

where M = sup,(y 1] | £(x)| and prove that lim,, .. n® fol (I-(1=x"")dx=0.
1.67. Use the Bounded Convergence Theorem.

1.68. Prove the limit equals O by using Lebesgue Convergence Theorem.

1.5.3 Non-standard Limits

There is no branch of mathematics, however abstract, which
may not some day be applied to phenomena of the real world.

Nikolai Lobachevsky (1792-1856)

1.70. (a) First, prove that if k and / are two nonnegative integers, one has

nyk 1
li - = ——
e Jo {x} SRS IRy

Second, approximate f and g by polynomials.
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(b) Prove, by using the substitution n/x =y, that

([ oD [ 0w =n [ 50 (£ i )

and calculate the limit of the last integral by using Lebesgue Convergence Theorem.

1.71. Follow the steps:

Step 1. Prove that if n is an integer and k and m are two nonnegative integers, then

[ a3 (B ey

p=0

Step 2. Use Step 1 to prove that if k and m are two nonnegative integers, one has

) 1 ma 1 B 1 1

n—yoo

Step 3. Solve the problem for the case when f is a continuous function. In this case,
approximate both f and g by polynomials and use the previous step.

Step 4. Use that any L' function is approximated in norm by a continuous function.

1.72. Approximate f and g by polynomials.

1.73. Prove, by using Euler’s formulae,

itx __ ,—itx itx —itx
sin(tx) = % and cos(tx) = ¢ +2€ ,
i

that if m and n are two nonnegative integers, one has

1 1 (2=
lim [ sin"(¢x)cos™(tx)dx = — / sin” xcos™ xdx.
t—eo | _q T Jo

Then, approximate f by a polynomial.
1.76. Show that if kK > 0 and / > 0 are integers, then

i
1 1
r}gg/o /0 (W/x1x2 - Xn) (xil—l—-i-)%n) dx;---dx, =0
and if £ > 0 is an integer, then
1 1 ' 1\*
i [ [ ) anean = (1)
n—eo /) 0 e

Next, approximate f and g by polynomials.
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1.6 Solutions

You are never sure whether or not a problem is good unless you
actually solve it.

Mikhail Gromov (Abel Prize, 2009)
This section contains the solutions of the problems from the first chapter.

1.6.1 Miscellaneous Limits

When asked about his age: I was x years old in the year x*.

Augustus De Morgan (1806-1871)
1.1. The limit equals 1 when 0 < o < 1,1n2 when o = 1, and O when & > 1. We have

n < 1 n 1 T 1 < n
n+n% n+1% p42% n+n%® n+1

and hence, when o < 1, the limit equals 1.
When oo = 1, we have

1 1 1 1 1 I dx
ng?o(n+l+n+2+ +2n> ngrolonkg‘ll—i—k/n /0 T+x "

Let o > 1. We have, since n+ k% > 2\/ﬁ-k°‘/2, that

O<1—|—1—|—-i-1<1 1+1++1
n+le  pa2o n4no 2\/ﬁ 19/2  20/2 n%/2 )"

An application of Stolz—Cesaro lemma (the oo/ case) shows that

1 1 1 1 —
limm—i_m—i_m—'—”“/z:lim (n 1) i —n+1+ﬁ:

= hIm
n—soo Vn neo/nd1—\/n  n=e (n41)%/2

S
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1.2. The limit equals e?~!, where y denotes the Euler—Mascheroni constant.?
We have

L 25 ne (14! L) ==+ 1)
273 n+1 273 nr1) " 1 =0T L),

where Y41 =1+1/2+---+1/(n+1) —In(n+ 1). It follows that

n

1 1

1 1 "
n\q_ (Yn+l+ln<”+1)7l> T n\l—a,)’
n

Xp =
where a, = (Y41 +In(n+ 1) — 1) /n. Also, we note that a,, = O (Inn/n). Thus,

2
lnxn_—nln(l—an)—lnn_n(an+a?”+..,) _lnn

Inn\?
=n a”+0 — _lnn
n
2
—nan—lnn—|—n-0<(ln—n> )
n
n+1 Inn\?2
=%Y+1—1+In +n-0| | — .
n n

1.3. The limit equals In2 + 7 /2. We apply Stolz—Cesaro lemma (the oo /oo case) and
we have that

n l+] ) n+1n+1 l+] n l+]
1 DI o

i=1j i=1j=
B (n+1)+1 (n+1)+2  (at+1)+n 1
T\ +1)24+12 7 (n+1)2 422 (n+1)24n2) n+1
_ 2 ( 1+n+1 + 1+n+1 1+n+1 ) 1
- 2 2 2
ntl 1+(n+1) 1+(n+1) 1+(F) ntl

Ul+4x
=2 [ Sde= /2 +1n2

1.4. The limit equals In(27) — 1 — 7. In what follows we solve a more general
problem. Let f : [0,1] — R be a continuous function and we calculate the limit

3The Euler-Mascheroni constant, 7, is defined by y = lim,, o (1 +1/24---+ 1/n—1Inn).
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Thus, if f € C2[0, 1], one has that

[ 70 I 1)/ = (70) () + 71+ [ 7@t 1

In particular, when f(x) = x?, we have that the limit equals 1 —y42 fol InT"(x+ 1)dx,
and the result follows based on Raabe’s integral4 (see [136, pp. 446—447])

/()llnr(x)mzlnx/ﬁ

For the calculation of this limit see also Problem 2.2.

Remark. This problem, as well as its generalization, is due to Alexandru Lupas and
Mircea Ivan. We proved that if f € C[0, 1], the following limit holds

Jim / FOW (x+ 1)dx

n—eo N

1.5. The limit equals e/+/27m. We need the definition of the Glaisher—Kinkelin
constant, A, defined by the limit
1122... 1

A= lim Ay = lim ey = 1128242

4This improper integral is attributed to the Swiss mathematician and physicist J.L. Raabe (1801
1859). We learned from the work of Ranjan Roy [110, Exercise 2, p. 489] that an interesting proof
of this integral, involving Euler’s reflection formula I'(x)I"(1 —x) = 7/sin(mx), was published by
Stieltjes in 1878 (see [125, pp. 114-118]). Stieltjes has also proved that for x > 0 one has

1 1
/ InT(x+u)du = xInx —x+ 5 In(27).
Jo
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Letx, = {/(1) () -+~ (") /"/>n~1/2. We have
n  Inn
lnxn——21n<>—§ T

<lnn' ka' Zmn— >_§+1“7”

:IH

:I'—‘

I
((n—f—l)lnn' 23 1n k') — 2+

k=1

Wenote that 37, Ink! =Y}, (n+1—k)Ink= (n+1)Inn! -3} _, klnk, and hence,

2y 1
I, = = 3 klnk— 2

1
Inn!— 24 Zlnn.
n& 22

Since InA, = ¥}_ kInk— (n?/2+n/2+1/12)Inn+n?/4, it follows that

2 3 1 1
Inx,=-InA,+ |n+=-+— lnn—n—n+ Inn!.
n 2 6n n

An application of Stirling’s formula, Inn! = Inv27 + %lnn +nlnn—n+0(1/n),

implies that
1 1 1
nvar - <1+—) 0 <—) .
n n

Thus, lim,,_,..Inx;, = 1 —In+/27m, and the result follows.

2 1
Inx, = ~InA, — —Inn+1—"2
n 3n

Remark. This problem, which deals with the asymptotic behavior of the geometric
mean of the binomial coefficients, is a stronger version of a famous problem that
goes back to Pélya and Szego [104, Problem 51, p. 45] which states that if G,
denotes the geometric mean of the binomial coefficients (), (5), ..., (%), then
lim, ;e v/G,, = /€. Our problem implies that for large n, one has

{0 G -ole)

1.6. The limit equals ¢?. Leta, = ¥}_; 1/(;)”. Then for n > 3, one has

L2
+ o =
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Also, for n > 6 we have

a_1+(1+ ! )+(1+ ! )+(1+...+ ! )
! (Z)p (’Il)p (nﬁl)p (g)p (nﬁZ)p (’3!)17 (nﬁ3)p

2 an n—>5

w =y TP

since (’IZ) > (’3’), for 3 <k <n—3.Thus,

122 gt 2y 20 67(n —5)
P n? nP(n—1)P (n(n—1)(n—2))P"

Hence,

D nP

142 nt e < (1424 ortl L O(n=5)

= a =

ne) — "= n? nP(n—1)P (n(n—1)(n=2))r) ~’
and the result follows by passing to the limit, as n — oo, in the preceding inequality.

1.7. The limit equals In?2 (see [28)).

1.8. We prove that the limit equals 0 if 0 < ot < 2 and —eo if @ > 2. Let x,, = ¥/n!/n
and let y, = Inx,. Using Stirling’s formula, Inn! = Inv2rn+ (n+1/2)Inn —n+
O(1/n), we get that y, = L Inn! —Inn = 222 1 4 O(1/n?), and hence,

Inx, 1 —Inx, = n =
n

In27w +nlnﬂ—lnn 1
" 2n(n+1) 2n(n+1)

Lagrange’s Mean Value Theorem implies that Inx,; — Inx, = (x,41 —x,) 1/cp,
where ¢, is between x,, and x,1. Also, we have that lim,_..c, = 1/e. It follows
that n* (Inx, 1 — Inx,) = n* (x,41 —x) - 1 /cn, and hence, lim,_seon® (X141 — X)) =
1/e-1im;,_,en® (Inx,+1 — Inx,). On the other hand,

no no n+1\" n%Inn
%1 —1 =—1In(2 B
s ) =) ()
1
+n°‘-0(—2). (1.2)
n

When a = 2, we get, from (1.2), that lim,, .. n* (Inx,, | — Inx,) = —eo.
When o > 2, we have

lim n% (Inx, | —Inx,) = lim 2% 2. lim n? (Inx,, | — Inx,) = —oco.
n—ro0 n—oo n—soo

When 0 < o < 2, we have, based on (1.2), that limy,_,. n% (Inx,1 — Inx,) = 0.
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Remark. The problem implies that for a € (0,2),

n+1 n n%

1.9. The limit equals e"*) /a, where

(a) = 1 1+ 1 T 1 I at+n—1
a)=1lim ( — —In .
4 n—ee\a a-+1 a+n—1 a

We have that
1 1 1 1 1 1 1 1 1 1
eatar Tt T am —eatan T v am=T = gatarr T T ot (gm — 1)

wn 1/(a+n) _ —
e = L 1 atn-1 (1.3)

1/(a+n) a(n+a)’

and the result follows by passing to the limit, as n — oo, in (1.3).

Remark. When a = 1, one has that

1 1 1 1
lim (e1+7+”'+m — e1+7+"'+z) — V) — o7,
n—ro0

Interesting properties of the sequence (¥, (a)),en, defined by

() 1+ 1 T 1 1 at+n—1
—— —In
hla a a-+1 a+n—1 a ’

are studied in [119].
1.10. For a solution, see [113].

1.11. The limit equals (¢™ + e~ ™) /27. We need Euler’s product formula for the sine
function (see [109, Sect. 3, p. 12])

o 2
. z
smﬂzznz” 1—-= zeC.

Replacing z by iz and using Euler’s formula, sino = 2 ’Zfﬂa , we obtain that
sinfiz €™M —eT™ 2 2
rie —  anz :”]:[1 I+5), zeC (1.4)

When z = 1 and z = 2, we obtain, based on (1.4), that

n 2 -2 oo

et —e” i 1 et —e 4
T_Hl<1+n_2> and T_H(I“LE)' (1.5)
e

n=1
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Let

n 1 5 no(2m—1)2+4
w T (b ) - fr e

m=1

We have, based on (1.5), that

n—yo0 1"

& 4 e — g7 ) n o T
On the other hand,

[(ve ) =11 () 1 (- )

k=1

noAmP+1) L& 2m—1)2+4
(2m—1)2 4m? '

m=1 m=1

We have,
n 4(m2_|_1) n m2+1 n m2

1(2m—1)2: "1 'H(Zm—l)z

m=1 m=1

- n m2+1 .42n(n!)4
_<,£[1 m? ) ((2n)1)>

2n 4 7 n m2 41 42”(}1!)4
o) (%2

m=1

2
m= m

It follows that

Since n! = n"e "v/2nn(1+ O(1/n)), one has that

£/ (2n)!)? = 7n(1+0(1 /).

f[l(wlj—z) — <m]'[1m;“;1> T (nex) (1+0<%>).

Thus,
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Letting n — oo in the preceding equality, we get, based on (1.6), that

2n 2r

et — e~ et —e T .
= -7+ lim nx;,.

dr 21 n—eo

It follows that lim,,—,.. nx, = (€™ + e~ ™) /27, and the problem is solved.
This problem is due to Raymond Mortini (see [93]). For an alternative solution,
see [58].

1.12. The limit equals e* /(e® — 1). A solution, for the case when o = 1, is given in
[108, p. 56].

1.13. It is worth mentioning the history of this problem. It appears that the case s = 1
is an old problem which Bromwich attributed to Joseph Wolstenholme (1829—-1891)
(see [20, Problem 19, p. 528]). The problem, as Bromwich records it, states that

w[(0) < G) e () ]2

lim|(-) +(—-) +---+ = ,

n—eo | \ 1 n n e—1
which we call the Wolstenholme limit. In 1982, 1. J. Schoenberg proposed the
problem of proving that lim, .S, = 1/(e — 1) where S, = (n+1)7"X}_, k"
(see [114]). However, it appears that this problem appeared previously in Knopp’s
book [76, p. 102]. A complete asymptotic expansion of S, was given by Abel, Ivan,
and Lupas in [2]. In 1996, Dumitru Popa studied a general version of this problem
which was published as Problem C:1789 on page 120, in the renown Romanian
journal Gazeta Matematicd. His problem, which the reader is invited to solve, is the
following one:

C:1789. Let f : (0,1] — (0,00) be a differentiable function on (0,1] with
f/(1) > 0 and In f having decreasing derivative. Let (x,),cn be the sequence

defined by
n k n
=2l Gl
k=1 n
Then,
0 if f(1)<1,
limx, = § L if f(1) =1,
oo if f(1)>1.

Recently, Michael Spivey [121] illustrates the importance of Euler—Maclaurin
summation formula in analyzing the behavior of the sequence 17 42" 4 .- +m™
as m — oo, and he rediscovers, as a consequence of his results, the Wolstenholme
limit. The problem is revived and brought into light by Finbarr Holland [42] who
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attributes the problem to Spivey and provides two alternative ways to determine
the limit, one elementary and the second by using the elegance and the power of
Lebesgue integral.

It is clear that this beautiful problem has attracted the interest of lots of
mathematicians who provided elegant and nice solutions for it. However, taking
into account that the first edition of Bromwich’s book An Introduction to the Theory
of Infinite Series was published in 1908, we consider, as Bromwich did, that this
problem, whose history appears to be lost with the passing of time, is due to
Wolstenholme.

1.14. We need the following result (see [65, Entry 5, p. 109]):

lim (n—r <1>) =7. (1.7)
n—soo n

First, we note we have an indeterminate form of type oo — oo since the sequence
YT (1/1)T(1/2)---T(1/n) is the geometric mean of I'(1/n) which, based on
(1.7), tends to e. On the other hand, we prove that

lim _1 (1.8)
e

Letx, =T(1/1)T'(1/2)---T'(1/n) /n". A calculation shows that

st _ T () ( n )

Xn n+1 n+1

Using (1.7) we get that x,,, 1 /x, — 1/e, and hence, the Cauchy-d’ Alembert criteria
imply that (1.8) holds. Similarly one can prove that

lim _1 (1.9)
e

n—yoo n

Let 1 = [ "/ F(/OT(/2) T+ 1)/, /FO/OT(2) T (1) /n].
The order of the two endpoints of the interval is not important. We apply Lagrange’s
Mean Value Theorem to the function f(x) = Inx, on the interval /, and we get that
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where ¢, € I. Combining (1.8) and (1.9), we get that

1
lim ¢, = —. (1.11)
e

n—yo0

On the other hand, a calculation shows that

nln =In

Using (1.7), one has that

+1
Yn+1 _ (F($)>n e,

o \T ()

and hence, based on the Cauchy—d’ Alembert criteria, we have that

Yrre) i)
Yrir@)-re)

Combining (1.10)—(1.12), we get that the desired limit holds and the problem is
solved.
For an alternative solution, see [85].

1. (1.12)

——

Remark. It is worth mentioning that one can also prove that if

= {/C+1/1)C(1+1/2)--L(1+1/n),

then lim,,_,e0 (X, 11 — X, ) = 1/e. This can be proved by using the same technique as
above combined with the limit lim, . {(1+1/n) —n =7y, which is a particular case
of Dirichlet’s Theorem, lim,_,o § (1 +x) — 1 /x = v (see Appendix A, Theorem A.3).

1.15. The limit equals
e@ 1 if o+ 1=p,
1 if a+1<pB,
oo if a+1>8.
Let
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It follows that

ln(l—l—i—g) ik(x ln(l—l—i—;) nopo
min —_— — <x, < max ———;— —.
z iz =An =1 1 K
k=1,..n 5 fant nB k=l,..n 5 fant nB

We distinguish here the following cases:
Case 1. o + 1 = 3. We have, since lim,_,oIn(1 +x)/x = 1, that

ln(l—l—%) ln(l—l—%)
— "2 =1 and lim | max — % | =1.
yeenll i n—oeo \ k=l1,...,n K
ﬂﬁ nﬁ

lim min
Nn—poo k=1

(1.13)
Also,

1 & (K v 1
1 ——1 - = dx= ——:.
im 35 =m0 3 (5) = [

Case 2. oo+ 1 < B. In this case we still have that (1.13) holds. However,

I (1 ) (im L) =0
ngroloz‘__ nglolozlg‘n_o‘ ' nglolonﬁffxfl e
Case 3. a+ 1 > . We have, since In(1 +x) > x/2 for x € [0, 1], that

1 & k> n

>y —=>—.
n 2k:1nﬁ 2nP

VAUDAS

where the last inequality follows from the Arithmetic Mean—Geometric Mean
Inequality. Using Stirling’s formula, n! ~ v/2mn(n/e)", we get that lim,,_,e. X, = oo,
and the problem is solved.

1.16. The limit equals ¢®/”. Let (x,)nen be the sequence defined by

1 okP!
Xp = 211’1 (I—FW) .

k=1
We have that
akpfl
. ln(l-l-”p kP l) LoookP! <
K ok~ 2 np—kp1 =0
ERRRYY Py k=1
ockl’ 1
_ In (1 + o 1) i okP—1
max
k=1, kP! nP —kp=1
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Since lim,_,oIn(14x)/x = 1, we get that

akl~! okP”
In (1454557 ) . In (14545
°0 =1,....,n n—ee \ k=1,...,n
nP—kp—T npfkpfl

=1

Now, we calculate
-1
lim _
n—yes / Z nP — kP 1

We note that n? —n?~1 < n? — k?~1 < nP, and hence,

n kp71 n kpfl n kpfl
Z p pflzz p kpflzz p
=11 n =1 =1 "
We have
n kpfl 1 & k p—1 1
,}5130 — _ngllﬁz(ﬁ) 7/0x1771dx7p
k=1
On the other hand

n kpfl
lim Y ———
nﬁookil nP —nP—

Putting all these together we get that x, — o/ p.

Remark. When o = p, respectively, when o = p = 2, we have

n..p -1 kp71 no 2 k
lim T[22 DR g i [T =,
TR | T i L

and by the second limit, we rediscover a problem of Pélya and Szegd (see [104,
Problem 55, p. 45]).

1.17. The limit equals 20, /k. We have, based on Lagrange’s Mean Value Theorem,
that

2?:n1n<1 k+1 ) 20 0,
H N I—e )= Zln R e

j=nJ

where 6, € (2 o 1n ( 1-— W) ,O), and we note that 6,, — 0. On the other hand,
we have that, for x € [0, 1), the following inequalities hold

<In(1—-x)<—
l—x_n( ) S



1.6 Solutions 37

It follows, based on the preceding inequalities, that
< 200
20‘2 k+1 Zln R Z jk+1
Jj=n
A calculation, based on Stolz—Cesaro lemma (the 0/0 case), shows that
1 1 1 1

lim ¥ 2 FT Tk and }gt;n 2 e
Putting all these together we get that the limit equals 2¢t/k.

1.18. The limit equals # . (k(”“)/” - 1) . Since L = lim,, ;. X,/ ¥/n we have that,

for 0 < € < L, there is ng € N such that for all n > ny one has the following
inequalities (L — €) {/n < x, < (L+ €) ¥/n. It follows that, for all n > ng, one has that

L—g ¢nt¥nt1+4-+Vkn B B

Lte nyn nxp
_L+te Ynt+{nt+1+--+Vin (1.14)
SI-e n{/n ' '
On the other hand,

X/ 14--- k 1 , 1 2 k—1
Ut nt 1t Hﬁ‘:-<1+§/1+—+t;/1+—+---+{;/1+(—)”>.
n{/n n n n n

Let f: [0,k — 1] — R be the function defined by f (x) = m and consider
the partltlonO,n,n7 .,1,1—|— Lk —2k— 2—|— Lk — 2—|— L k—1, and
the sequence of mtermedlary pomts given by 1 W n, .,1, 1 + k 2,k—2+

. k—2+"=L k—1. Since f is Riemann integrable we obtam that

ki k—1
R R Rkt L] / T ade— P
JO p

m n{/n +1 (k(pﬂ)/p_ 1)'

(1.15)

Letting n — oo in (1.14) and using (1.15), we get that

l;g . L . (k“”’”/l’_ 1) < lim xn+xn+l+"'+an
L+e p+1 = —

<L+8.L.(k<p+1>/p_1)_
“L—g p+1

Since € > 0 is arbitrary taken the result follows.
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1.19. The problem, which is recorded as a lemma (see [91, Lemma, p. 434]), is used
for introducing a new approach for determining asymptotic evaluations of products
of the form f(n) =cicp--- ¢y

For an alternative solution, apply Stolz—Cesaro lemma (the 0/0 case).

1.20. The limit equals fo Tt \/ﬁ 21n1+Tﬁ. ‘We have, since

n+k+b+vVnt+kn+a>n+k+n?+kn,

that
1 n

n
; +hk+b+ V2 tknta n;ﬂ+wmhﬂ+wn

and hence, lim, e X, < [ . \/7 Let p be the integer part of b, thatis, p= |b].

T+x
We note that for all n > a/(p+1—5b) and all k = 1,...,n — p — 1, the following
inequalities hold
ktp k. b oa _k+p+l
n —n n nt— n
We have
ng! 1 4 1
Xp = +

,Zl n+k+b+vn2+kn+a k:§pn+k+b+\/n2+kn+a

n—p—1 1 p+1 1

= +
,Z‘l n+k+b+vni+kn+a ,Z'lk+n—|—\/n2+kn
p+1 n 1

i k+n+\/n2—|—kn k;,,n—i—k—l—b—i-\/nz—i—kn—i-a
=81 -8 +Ss. (1.16)

We note that

p+1 1 1
Sp= §p+
k:1k+n+vn2—|—kn n

L 1 p+1

<
kzgipn—l—k—i—b—i—\/nz—i-kn—i—a n

and hence, lim,, ;.. S, =1lim,_,. S3 = 0.

Since n+k+b+vVn2+kn+a<n+k+b+a/n+Vn?+nk+bn+ a, we have

S3 =
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n—p—1 1 p+1 1

Si= +) ——————
! ,Z‘l n+k+b+vn2i+kn+a ,Z‘lk+n+\/n2+kn

1”1’1 1
n ,Z’l 1—i—k/n—|—b/n—i—a/n2—|—\/1—i—k/n—i—b/n—i—a/n2
1]J+1
+_
n 11—|—k/n—|—\/1—|—k/n
1 n—p—1 1 p+1 1
s >
n\ £ kb a = k
L E - R VAR - EEL S = (N Py, .
—s. (1.17)

We note that S is the Riemann sum of f(x) =1/(14+x++/1+x) on the interval

[0,1] assomated with the partition 0, 1 ,"’ 1 and the system of intermediary
points

ITEN

yreey ) X

2 p p+l 1+b a 24b a n—p—1+b a
e 2 T T T
n n’ n n n n n n n

1
n’

Thus, lim,, . S1 > fo e \/m and we get, based on (1.16) and (1.17), that

dx 1
limy ey > fy 12 = 2In 72,

For an alternative solution, see [100].

1.21. The limit equals 1 — In2. We need the following lemma.

Lemma 1.1. Ler a and B be nonnegative real numbers. Then,

n k 1
im Y % [ X g 1om2,
noe St +kn+f 0 Jo x+1

Proof. A calculation shows that

On the other hand, we have that

on [3 [32 1 on—f
2n2+ﬁ n “n2+kn+f nz—l—n—i—ﬁ’
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and hence,

We prove that

B -1 kB

z k+a e A4 B 1" ko B

lim ¥ % jim - = lim = Y M — 1 —In2,
n%wkzll’l —i—kn—i—ﬁ n%wnk:11+z+n_2 n%oonkzol_kg_'_n_z

To see this, we note that for all k =0,1,...,n— 1, and for large n, i.e., for n > f3,
one has

k k k+1
T P}
n n n n
Thus, the preceding sum is the Riemann sum of f(x) =x/(14x)on [0,1] associated
with the partition 0, %, e 2=l 1 and the system of intermediary points + ﬂ

k=0,1,...,n— 1. The lemma is proved.

Now we are ready to solve the problem. Without losing generality let b < c.
We have that

k+a < k+a < k+a
n?+kn+c = i2+kn+b-Vn2+tkn+c  n’+kn+b’

and the problem is solved by using the Squeeze Theorem and Lemma 1.1.
For an alternative solution, see [101].

1.22. The limit equals 2v/2 — 2. We need the following lemma.

Lemma 1.2. Let o and B be nonnegative real numbers. Then,

n /.2 k
lim z w =2v2-2.
n—yeo n2+kn+p
Proof. We distinguish the following two cases:

Case 1. o <2f. Let A > 23 — o be fixed and let n be an integer such that n >

B2-2a
m . We have

1 <\/n2—|—kn—|—a< 1
Vil+kn+A ~ m?+kn+B T V2 +kn

1 & 1
lim —

< lim i .
’H""”ZW/H byl ’H“’g’ Phhknt B Tasen S gk
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We prove that

1 1 = 1
11m—2—)L= 11m—2—/l=2\/§—2.
n—e N k n—eo n k
k=1 1+;+n7 kzo\/l—f—;-f-nﬂz
To see this, we note that forn > A and k=0, ...,n— 1, we have
k_k A _ktl
n"n n2- n

Thus, the preceding sum is the Riemann sum of f(x) = 1/ \/1 -+ x on the interval
[0,1] associated w1th the partition 0, 1, 2 kLK 2=l 1 and the system of

TR R R A R L R 7
intermediary points E j—z, k=0,...,n—1, and the result follows.

Case 2. o > 2f3. Let A be such that > o — 28 and n > %/(ax — 23). We have

1 <\/n2+kn—|—oc< 1
Vil+kn =~ mP+kn+B T V2 tkn— A

Thus,
1 & 1 vt +kn+a 1 & 1
lim — Y <iim ¥ V2 :k ”:[3 < lim Y e
n—oo p A= k n—eo &~ p n n—oo 1 A= k
k=14 /147 k=1 k=1 14--—”—2
On the other hand,

n

1 1 1
lim - :/
,Hmnk; /1+§_3_2 0 vVx+1

This follows by observing that the preceding sum is the Riemann sum of f(x) =

dx=2v2-2.

1/v/x+1 on [0,1] associated with the partition 0, 1 L ,1, and the system of
intermediary points % — %, k=1,...,n. The 1nequa11t1es Lk . 2 <5 k hold for

allk=1,....nandn > A.
Without losing the generality, we consider b < c. We have

\/n2+kn+a< vVn2+kn+a < V2 +kn+a
n2tkntc T i tkntb-Vidthkntc nitkntb’

and the problem is solved by using the Squeeze Theorem and Lemma 1.2.
For an alternative solution, see [96].

1.23. The limit equals 2(1/2 — 1) /3. We need the following lemma.

Lemma 1.3. Let k > 0 be a real number. Then,

llméiz ij 2(\/5_1).

n—ree l:1j:1\/l+k (.]+k) 3
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Proof. First we consider the case when k= 0. Lety, = 1/n’ 3", DIRY Y VRVACE S o
Using Stolz—Cesaro lemma (the oo/ case) we get that

. , 1 » (n+1) (n+1)
limy, =1lm ———
n%ooyn n%w:’)nz—l—?ﬂ’l-ﬁ-l( ;\/iz n—|—1 \/2 n—|—1

1 L 1 1
=lim —————— (2(n+ 1)), int D) +"Jr
n—es 32 +3n+1 SV 1+ (i/(n+1))
_ lim 2(n+1)2 i l/ n+1)
e 30243041 nﬁoon—kll:l +(i/(n+1))2
7 1
:_/ S
3Jo V1+x2
2
:5(\/5—1).

Now we consider the case when k > 0. Let

(1Y ij BULIL o A
,122,(”322\/0%) +(j+k)? nsigi;\/ +J> "

T iz1j=1 \/(H‘k) +(j+k? n SIS+
- X (22 + 2ki + 2kj)ij
1=/ (i+ k)2 + (j+ k)22 + 2 (\/(H—k) +(+k)2+ /i _|_j)

It follows, since 1/i% + j2 > +/2ij, that
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Letting n — oo in the preceding inequality and using that
1 n
im0 e i $ e

we obtain that lim,, .. d,, = 0 and the lemma is proved.

Now we are ready to solve the problem. Let

1

Xn = 32i

SaVe+P +az+bj+c

S

and let k = max {a/2,b/2, c/2}. We get, since

P4 <P+ Prai+bj+e<(i+k)>+(j+k)?

that

o 5 1 )
—322 —_<n< Yy (1.18)

l+k (J—Fk)z n i=1j=1 12+]2
Letting n — oo in (1.18) and using Lemma 1.3, we get that lim,,_ye. X, = 2(\/5— 1)/3.

1.24. We have, since sin?(nx) 4 cos?(nx) = 1, that lim,,_,.. sin(nx) = 0. On the other
hand, sin(nx)sinx = cos(nx)cosx — cos(n + 1)x. Letting n — oo in the preceding
equality, we get that 0 = cosx — 1, which implies that x = 2k7.

1.25. We prove that the limit, denoted by L(o, 8), equals

oo if 200>2B-1,
L(e,f)=< 0 if 2a<2B-1,
o Amdx=2v2-2 if 20=2B-1.

We need the following lemma.

Lemma 1.4. Let a,b,u > 0 be real numbers and let v > 0. Then

1 & (1+§+n—az) 1
lim—Z—v:/ (14x)" "dx.
n—een 4 (1+§+n%) 0

Let

T
+
L
+
3=
~—
Q

i n?+kn+a)®  n?® 1i
S (n2+kn+b)P n2P-1 n

~
I
—
/
ek
_|_
S
_l’_
3
—
=
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An application of Lemma 1.4, with u = o, v= 3, shows that the desired result holds.
Now we prove the lemma.

Proof. Let

<
)
Il
S| =

We have

sl»—
sl»—

u u
i+ a) (1454 8) i(1+§+%) o)

i (

v V-
& (1+5+2) (144 5)
Without losing the generality, we assume that @ > b. Thus,

kyoa)" kg b\"
1 (1+Z+n_2> —(l-i-;‘f'n—z)
0<-Y
n

v
k=1 (1+§+n%)

where the last inequality follows from the fact that for large n one has n > b.
We have, based on the preceding inequality, that

ko a)” ko b
1 (1—|——+—2) —(1—|—-+—2)

A L . (1.20)
n—eo n [ (1+§+n_bz)

Also, for large n and for k =1,2,...,n— 1, we have

kK k b k+1

n n nr  n
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On the other hand, we note that

ko b\
1 (l+—+—2) 1] u 1
tm Ly AL ( “)de:/ (I+x)"dx,  (121)
n—en S (1+k+%) o (1+x) 0

n n

since the preceding sum is the Riemann sum of the function f(x) = (1 +x)*"" on

the interval [0, 1] associated with the partition 0, 1 1=l 7 and the system of
1 b b

[ R R

intermediary points ; + n%, % +o3 ”n;l + .2 Combining (1.19)—(1.21), we get

that the lemma is proved.
Remark. The following limits hold
L(Ol)limn ! =2v2-2
,2 n;)ook:l \/n2+kn+b ’
1 LoVn?+k
L( 1) - szz\/ﬁ_z.
= n*+kn+b

1.26. The limit equals (—1)". Let L, be the value of the limit. We have, based on
Lagrange’s Mean Value Theorem, that
Ja(x) = fo1(x) = exp(In f,(x)) — exp(In £, -1 (x))
= exp(f-1(x) Inx) — exp(fy2(x) Inx)
= (fa-1(x) = fa—2(x)) - Inx- exp(6,(x)),

where 6, (x) is between f,,_1 (x) Inx and f,,_» (x) Inx. This implies that lim,_, 6, (x)=0.
Thus,

L o0 o ()
x—1 (1 —x)” x—1

( fnl((lx)_ ;)J;nlz(X) ' 11rlxx -exp(6, (x))) =—L, .

It follows, since

I —1i x—x 1
= 1m-—— =
2 x—1 (1—)6)2 ’

that L, = (—1)" 2L, = (—1)", and the problem is solved.
1.27. (a) We need the following lemma.

Lemma 1.5. Let0 <x < % The following inequalities hold

1 n
x<— and x%:{‘l <
1n; In

==
| =

==

Proof. The inequalities can be proved by straightforward calculations.
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Now we are ready to solve the problem. Let (A )>; be the sequence of functions
x) = x") with iy (x) = x. Tt is easy
=" > 2" = h3(x).

defined on (0, 1) by the recurrence relation /1 (x)
to check that /1 (x) = x < x* = hy(x) < 1. It follows that /(x)
Continuing this process, we obtain that the following sequence of inequalities hold
hi (x) <h3 (x) <+ <haj—1 (x) <hog1 (x) <+ - <hog (x) <hgg—2 (x) <- - - <ha (x).
(1.22)

Thus, the sequence (/1) increases. We show that for each k > 1, one has that
1
O<x<—. (1.23)
e

—
==

)

x < hop(x) <
In

The left inequality holds, based on (1.22), for all x € (0,1). We prove that the

right inequality holds by induction on k. We know, based on the first inequality
. This implies that x* > xl“ ¥, which in turn implies that

| =

==

of Lemma 1.5, that x <
1
7;

h3(x) =

where the last inequality follows from the second inequality of Lemma 1.5. Thus
(1.23) is verified when k = 1. For proving the inductive step, we assume that (1.23)
(1.24)

)

" <
In

M'—

1

hags1(x) < nl

holds for fixed k, i.e.,
X
Inequahty (1.24) implies that

=l
|
=

®

AN

and we ShOW that }12k+3( )
X n
= hypy3(x) = )8‘%'(') <x

k1) 5
where the last inequality follows from the lemma, and the induction is completed
, Wi 2k+1 » that

n(2k+1)’

Since 5 < 5 forall k > 1 we obtain from (1.23), with x =
1 i 1 < 1

Xr =
2k+1 " F T T 2k 11 ) T In(

< L for

1
In

and the first part of the problem is solved
(b) We have, based on (1.23), that for all k > 1, one has that x < hy;_1(x)
(1.25)

all x € (0,1). It follows that

“‘*
=

m

/N
o
Q| =
SN—

==

In

&> )
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Letting x = 2—1k in (1.25), we get, since ﬁ < é for k > 2, that
1 % 1 h-1(%) 1w

— - — k> 2.
w VT ok "%

On the other hand, it is elementary to prove that 1 —x > x* for all x € (0,1/4), and
1
hence, y; < ﬁzk <1- 2—1,(
Now we prove’ that y; > 1 — 1/1n(2k). One can check that the inequality holds
for k = 10 and we prove it for k > 11. To do this we show that
1
In (1 + m)

1
= — ¥/ < —. 1.2
f(x) TInx > e, 0<x_22 (1.26)

A calculation shows that

1+ (1+1nx)?In (1+ &)

F ) = = e

Since In(1+x) +x?/(x+1)? < 0 for —1/In22 < x < 0 one has that 1 + (1/x+
1)2In(1 4+ x) < 0 for —1/In22 < x < 0. Thus, f'(x) < 0 for 0 < x < 1/22. This
implies that f(x) > f(1/22) > e and (1.26) is proved. Let g, (a) = x** and let /i, (a) =
gx(a) —a, where 0 < x < 1/22 and —eo < @ < oo. A calculation shows

gi(a) = xIn’xg,(a) >0 and g”(a) = x*In® x(1 4 x“Inx)g.(a).

Since 1+ x*Inx > 1 +xIH/ I = + exlnx, for a > 1 4 1/Inx, one has that
gl(a) = hWl(a) <0, for a > 1+ 1/Inx. Inequality (1.26) is equivalent to h(1 +
1/1Inx) > 0. On the other hand, 4,(1) < 0, and it follows, since ///(a) < 0, that there
is a unique oy € (14 1/Inx,1) such that g¢(0x) = ox. We note that o) < 1
and g’l/(Zk) (a) > 0, which implies that o 2x) = 81 /(26) (%1 /(21)) < 81/(21)(1)- Since
a2k < 81/2k)(1) and g/l/(2k>(a) > 0, we get that o 1) = g1/20) (1 28)) <
81/(2)(81/(21)(1))- Continuing in this way we get the result 1 —1/In(2k) = 1 +
1/In(1/(2k)) < 04 2n) < Y-

(c) The limit does not exist (see parts (a) and (b)).

For an alternative solution, of parts (a) and (b), the reader is referred to [37].

Remark. This problem is about studying the behavior of a very special sequence
involving iterated exponentials. However, the problem differs significantly, in terms
of the results, by the classical problem involving iterated exponentials. Recall that
if a > 0 is a real number, then the sequence

SThis part of the proof is due to Manyama (see [87]).
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is called the sequence of iterated exponentials generated by a. The question of
determining the values of a for which this sequence converges as well as a nice
discussion of the history of this problem, who solved it first and how it appeared in
the mathematical literature, is given in [4].

1.28. (a) We have

|
Ms
B
_|_
\’_
=
5
*
[\
g®
_|_
s
S
&

I

M
8
_|_

< 1 2 1
Py <m+2_n+m+2+2n+m+2>

=1+2n+ 1)H2n+1 (2n+2) 1

The last equality follows by calculating the limit of the mth partial sum of the series.
(b) We note that

—(2n+1)In2+Inn=1—y+ (2n+1) (Hypt1 —In(2n+1)—7)

—(2n+2) (Hyr1 —In(n+1)—7)

2n+1 n
2n+1)In——+In——
+(2n+ )n2n+2+ L
and the result follows since lim,—n(H, —Inn—7y) =1/2.

(c) Part (c) follows from part (a) of the problem (see also the solution of
Problem 1.29, the case when k = 2).

/ / _dxdxy---dy
X1 +x+-- +Xk

1.29. The limit equals
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We have, since 1/a = [;” e~ “dr, that

/ / dx1dxz / / (/ x1+x2+ +xk)tdt) dX1d)C2"
X1 +x2+-- +xk
oo 1 1 1
() ()
0 0 0 Jo
o /1 g\
- (5) e
0 X
Now, since & = ﬁ e ¥ t*~1dr, we obtain that
/w(l_efx)kdx: ! /w(1—eﬁ)’< /meﬂ“tk*dr dx
0 xk (k—l)! 0 0
/wtk 1(/”
' 0 0
( 1) / =1 / —x
(k=1)!"Jo 0
_ = / e
(k— 1)' 0

Since (— 1)~/ = (—1)¥/, we get that

/0"“ . _xiﬂ)kdx: (k_11)! /omtkf1 <§(—1)" <];) %) dr.

A calculation shows that

1 kooa; (=1)/ [k
tt4+1)--(t+k) g;)t+j’ Whete 4y K \j)’

and hence,

e

")
1)

(1_e x)k k=2
/0 xk dr = k/ (t+1)(+2)-- (t+k)dt

49

-dxy,

/O é) (f) eX<f+f>(—1)’<fdx> dr.
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On the other hand,
k=2 ko p. V=1 k=2
- = —]., where bj:(l)—‘]<k 1),
+1)--(t4+k) S+ (k—1)! j—1
and note that by + by + - -- 4+ b = 0. Thus,
oo k=2 ok p.
dt:/ —L | dr
/o (t+1)(t+2)---(t+k) 0 <j_2'1t—|—j>
k t=oo
= Y. bjn(t+))
j=1 =0
k
=—Y bjlnj,
j=1
since limy_co 2’;:1 bjIn(t+ j) = 0. To prove this, we have, since by = —by —--- — by,

that lim; e ¥5_; b;In(t + j) = lim; e 35_, b;1n ;j—{ = 0. It follows that the limit
equals

k k (k=1 ,
(B (m).

and the problem is solved.

1.30. Let S, = Y 1/(a’ +x*) and let F(n) = [J'dt/(a’ +x*). Using Lagrange’s
Mean Value Theorem, we get that

1 1
JrER SFn+1)-Fn) < an Ak
and it follows that

1 1

1+xk_an+l+_xk'

Fn+1)<S,<F(n+1)+

Letting n — oo we get that

/°°dt<i 1 </°°dt+l
0 a+xk T Sar4xk T Jo a4+xk 0 14xK

A calculation, based on the substitution a’ = y, shows that

/w dr In(1+)
o a+xk xlna
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Therefore, we get that

i 1 ln(l—i-xk) *1
= —i—xk Inalnx ~ 1+4+xf Inx’

In(1 +xb) 1£ (127)

Inalnx

Letting x — oo in (1.27), we get that the desired limit holds. Also, it follows from
(1.27) that

Inlnx M k <Inlnx xt Z;—L
Inalnx  Ina Inx Har+xk Ina

glnlnx<w_i)+lnlnx o

Inalnx Ina Inx 14+x5
Since
In(1+x) & In I;rkxk Inlnx
limInlnx | —— — — | = lim ——— =0,
X—poo Inalnx Ina x—e  Inalnx

we get that part (b) of the problem is solved.

1.31. (a) The limit equals 1 when a =2, 0 when a € (0,2), and > when a > 2. We
need the following lemma.

Lemma 1.6. The following limit holds lim,_,., 2* (C(x) -1)=1

Proof. We note that if x > 1, we have {(x) =Y, nx =144 5%+ X3 nl >14 4 55
and hence,

1<2x(c(x)— 1). (1.28)

On the other hand, ¥, 5 ”x < fz T ~dr = from which it follows that

xl’

x+1
x—1

2°(C(x) - 1) < (1.29)

From (1.28) and (1.29) we get that lim,_,.. 2* ({(x) — 1) = 1.

Now we are ready to solve the problem. First, we prove that S, = >°_; W =
n—_8(2)—¢(3)—---— &(n). We have, since

1 1 1
k(k+ 1)~ k(k+ 1)1 (k+ 1)

that

= = = 1
; k+1 Z‘lklﬁ—l §1<k+1)
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and hence, S, = S,_1 — ({(n) — 1). Iterating this equality we obtain that S, = S| —
(C2)+¢(3)+---+¢(n)—(n—1))and since S} =¥;> ; 1/(k(k+1)) =1, we obtain
that S, =n—C§(2)—¢(3)—---—{(n).

First we consider the case when a = 2. Let L = lim,,_,..2"S,,. Since S,, verifies
the recurrence formula S, = S, — ({(n) — 1), it follows that 2"S,, =2-2"~1S,, | —
2"({(n) — 1). Letting n tend to oo in the preceding equality and using the lemma,
we get that L = 2L — 1, from which it follows that L = 1. If a < 2, we have that
L =1imy_ye @S, = limy, 0 2"'S,, - lim,, 0o (a/2)" = 0, and if a > 2, we get, based on
the same reasoning, that L = oo,

(b) The limit equals 1/2. Use that lim,_,.2"(n — {(2) = {(3) —---— {(n)) =

1.32. (a) The limit equal fo f(x)dx. First we note that for all k = 1,...,n— 1, one

has that u < n_+1 < . We have, based on Lagrange’s Mean Value Theorem that

w=3 (1 () () e ()
z< )7 (5)
— 2 f (Ok,n) +f<T)
——nil';_zi';(ﬂ ()

n— 1k n
EUC)n) o

where nLH < O, < % On the other hand, since f” is uniformly continuous, we get
that for € > 0 one has that

1 kg, [k 1ok n—1
it L s < A
n—l—lkg‘ln (f On) = f (n)) ’_ n+1 2 n € 2(n+1)’

and since € is arbitrary fixed, we get that

n—1
,}L“;,,Lkiﬁ(f(@kn) £'(k/n)) =0.

Letting n tend to o in (1.30), we get that

1
lim (1 —x,) = = | o (e £ (1) = [ f(x)an

n—oeo
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(b) This part is open.

1.33. The limit equals

IR

=0.30164 03204 67 19788....
2inF(1+i) 0.30164 03204 67533 19788

We have

n n
Tim <2 arctanl/k—lnn) :r}glclok;l(arctanl/k— 1/k)+ lim (kzll/k—lnn>

Il
M

(arctan1/k —1/k)+7. (1.31)

»
Il
—

Since arctanx = Y5> o(—1)"x*"*!/(2n+1) for —1 < x < 1, we get that

i (arctan1/k—1/k) = i <i <1)2”+1>
p2 =

_w (=D
= zlznﬂg(znﬂ). (1.32)

Now we need the following power series expansion [122, Entry 12, p. 160]:

l‘2k+1

1
2k+1 ==
6 (2k+ )2k+1 2

M

(InT(1 =) —InT(1+41)) —yr, |t < 1.
k

1

Letting  — i in the preceding equality, one has that

Cn+1)— L EU=0)

2T+ (1.33)

I

Combining (1.31)—(1.33), we get that the problem is solved.
This problem is due to Mircea Ivan (see [69]).
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1.6.2 Limits of Integrals

Finally, two days ago, I succeeded - not on account of my hard
efforts, but by the grace of the Lord. Like a sudden flash of
lightning, the riddle was solved. I am unable to say what was
the conducting thread that connected what I previously knew
with what made my success possible.

Carl Friedrich Gauss (1777-1855)

1.34. The limit equals V2. Letl, = jgr/ 2 v/sin" x 4+ cos” xdx. Then,

/4 /2
I, < / \”/cos"x—i—cos”xdx—i—/ Vsin" x + sin" xdx
JO Jr/4

/4 /2
=2 (/ cosxdx+ sinxdx)
0 /4
=V2-V2.

On the other hand,

/4 /2
I, > / cosxdx + / sinxdx = v/2.
JO Jr/4

Thus, V2 <I, < V2. \/E, and the result follows.

Remark. More generally, one can prove that if f, g : [a,b] — [0,) are continuous
functions, then

b b
tim [ /700 + g (e = [ hxa

n—ee J4

where h(x) = max {f(x),g(x)}.
1.35. The limit equals 2I" (1 + 1/0) . We need the following lemma.

Lemma 1.7. Let k € (0,1] be a fixed real number. Then,

k
.1 NP 1
r}glolon /0 (l—y)dy—F(1+a).

Proof. First we consider the case when k = 1. We have, based on the substitution
o
y% =t¢, that

1 1 a\n 1 1 nl 171 I/lé
n/ (1—y%) dy:na/ (=) ~t5'dr = " B(n+1,1/0)
0 0 o o

Tn+1)-T(g) 1 (1)%& T(n+1)
F(n—l—l—l—é)'
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It follows, in view of Stirling’s formula, that

r 1
limné(n——‘_)l =1,
= T(nt143)

1imn$/1(1— ayrgy— Lp( L) Zp (4]
n—ro0 JO Y y_a o B o '

Now we consider the case when k € (0, 1). We have that

and hence,

1

k 1 1
na/ (1—y°‘)"dy:né/ (1—y°‘)"dy—né/ (1—y%)"dy,
JO 0 Jk

and we note that it suffices to prove
imn® [ (1=y%)dy=0
limne [ (1-3%)"ay=o0.

We have, since k <y < 1, that
1
0<no / (1= y™)"dy < n# (1 - k)(1 — k%",
k
Since lim,,_ye 1/ (1 —k*)" =0, it follows, in view of the Squeeze Theorem, that

1
lim n@ / (1—y*)"dy =0,
Jk

n—seo

and the lemma is proved.

Now we are ready to solve the problem. Using the substitution t —x =y, we
obtain that

1—x

né/Olu_(z_x)“)"dz:né/ (1—y®)"dy

—X

1 0 onn 1 1—x o
:n“/ (1-y%) dy+n“/o (1—y*)"dy

—X
1o onn 1 1—x onn
:na/O (1-y%) dy+na/0 (1—y%)"dy,

and the result follows as an application of Lemma 1.7.

imi b=a g;j 1 1
1.36. The limit equals >—*. Since s e 1) s o) < -, we get that

— b dx b—a
lim ) ) ) < .
n—eJa ¢+sin“x-sin“(x+1)---sin“(x+n) c

(1.34)
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An application of the Arithmetic Mean—Geometric Mean Inequality shows that

sin x4 sin®(x+ 1) + - ~~—|—sin2(x—|—n)>n+1

) .2 )
. 1)--- <
sin“x-sin“(x+1)---sin (x—l—n)_( P

On the other hand,

n+1 sin(n+1)cos(n+2x)

.2 i 2 in?
sin“x+sin”(x+ 1) + -+ +sin”(x +n) 2 2sin1

It follows that

b dx b dx
/ 2 -
a ctsin®x-sin?(x41)---sin’(x+n) ~ Ja c+(1 sin(n+1)cos(n+zx))”+1

2 2(n+1)sinl
Let
1
fn(x) = 1°
1 sin(n+1)cos(n+2x) nt
¢+ (' — ST )

We note that, for fixed x € [a,b], one has lim,_.. f»(x) = 1/c, since

2 2(n+1)sinl

1 sin(n+1)cos(n+2x)\"" 1 1 nt
<(=4—"-—— .
0 '( =" v pemn) 7O

We have, based on Fatou’s lemma, that

. dx [ dx
h_m/ — — Zh_/ ]
a Cc+SsIN“x----sIn (x+n) @ oq (1 sin(n+1) cos(n+2x)
cT\2 2(n+1)sinl
mfn

(1.35)

Combining (1.34) and (1.35), we get that the problem is solved.

1.37. We prove that L =1/(k+ 1). Let f : [0,1] — R be given by f(x) = In(1 +x).
Since f is concave we get that f(x"™!) = f(x-x" 4+ (1 —x)-0) > xf(x") + (1 —

x)£(0), and hence, In(1+x"*!) > xIn(1 +x"). Iterating this inequality we get that
In(1 4+ x"*%) > x¥In(1 +x"), and hence

1 n+k
/ In(1+x dx /xkdx— 1
o In(1+x") k+1°

On the other hand, since In(1 4 x) < x, we obtain that

1 +k 1 +k
/ In(1+x" )de/ X" d
o In(1+x") Jo In(14x")
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Let g,(x) = "% /In(1 +x"), x € [0, 1]. Since In(1 +x) > x/2 for x € [0,1], we
get that 0 < g, (x) < 2x* <2 for all x € [0,1] and all n € N. On the other hand,
since lim,, e gn(x) = x* for x € [0,1) we get, based on the Bounded Convergence
Theorem, that

1 Fitk 1 1
1im/ —dx:/ Fdr= —.
n—ee Jo In(1+x") 0 k+1
The second limit equals 0. We have
Un(1 +x"1F) 1 Uln( 1+x"+k
n ”(/o i+ o ktr1) " /0 () /

_/ In(1 4 x"F) — kln(l—i—x”)dx ' /1 In(1+y") — yzln(l—f—y)y%dy'
In(1+x") 0 yin(l1+y)

We note that, for x € [0, 1], the following inequalities hold
2 2 3
X xX*  x

< <x—— —
X 2_1n(1+x)_x 2+3

Thus,

3

xn+2k
)

2n+2k 3n+3k 2n
1n(1+x"+’<)—xk1n(1+x")gx"+"—xT+ —x (x"——>

= 2tk (%(1 —)+

This implies, when " = y, that In(1 + y("K)/m) — yk/nIn(1 4 y) < 5y2/6.
Let fo(y) = (In(1+ y"H0/m) — A In(1 4+ y))y!//(yIn(1 + y)), for y € (0,1].
It follows that 0 < f,(y) < 5y/(6In(1+y)), y € (0,1]. On the other hand, for
€ (0,1], one has that lim,_,. f,(y) = 0, and the result follows from Lebesgue
Convergence Theorem.

Remark. The problem can be solved in a greater generality: If f: [0,1] > R is a
continuous function, then

/1 In(1 4 x5
0

_ ! k
it (e = | # e

L(f) = lim

n—yoo
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and

I'ln +k
timn (|| Sy ke ) =o.

1.38.(a) Let € > 0. A calculation shows that

/fax bxdx /faxdx/fbx

[0 P10,

t

_/bef /f
_f /bedt /f
b0,

where ¢ € [ag,be] and the equality (%) follow in view of the First Mean Value
Theorem for Integral. Thus,

/ fax _2;0/ fax =f(0)ln§—/ab@d

(b) The limit equals

{hlb/a Jiasing-1quy &/ 3 £(0) =

Jiaping1(quy dx/x it £(0) <1
We have, based on part (a), that
L f(ax) — (b n(
/O de (0 /f

Let gn(x) = f"(x)/x, for x € [a,b], and we note that |g,(x)| < 1/a. On the other
hand, for x € [a, b], the limit function equals

g(x) = lim g, (x) =

n—yoo

0  forxwith —1 < f(x) < 1,
1/x for x with f(x) =1
Now the result follows in view of the Bounded Convergence Theorem.

Remark. We note that [i, ,ir1 g1y dx/x = p([a,b] Nf1({1})), where u is the
measure defined by du = dx/x. Also, if f is a function such that the set f~!({1}) is
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a discrete set, then the limit equals either O or Inb/a according to whether f(0) < 1
or f(0)=1

1.39. (a) For a solution to this part of the problem, see [32].
(b) Use the fact that any continuous function defined on a compact set can be
uniformly approximated by a polynomial.

1.40. The limit equals Z f(0). We need the following two lemmas.
Lemma 1.8. Let n be a nonnegative integer. Then,

2

T .
7 sin®nx nrw
[
0 sin“x 2

Proof. Let
/2 sin? nx
a, =
sin? x
We have
1 /% cos 2n—2x—0052nx 2sm (2n—1)x
an—an,lzz/ ( ')2 —/ dx
0 sin“x sinx
and
% sin(2n — 1)x — sin(2n — 3)x
(a0 1) = (a1 —aq ) = [ SIS,

sinx

—2 / ? cos(2n — 2)xdx
0

—0.

It follows that a,, — 2a,,_1 +a,_» = 0. Thus, a, = o+ Bn, and it follows, since ag = 0
anda; = /2, that @ = 0 and B = 7r/2. Hence, a,, = wn/2, and the lemma is proved.

Lemma 1.9. Let k > 0 be a nonnegative integer. Then,

1 gsinznxxkdx_{g if k=0,

lim —
nsen Jo o sin®x 0 if k>1.

Proof. The case when k = 0 follows from Lemma 1.8. We focus on the case when
k > 1. We have, based on Stolz—Cesaro lemma, that

joz sin znx xk dx

T .
1 /% sin?nx

lim — ——xdx = lim =S
n—epn . Jo SIN“x R—peo n
T .2 .2
. 2 sin“(n+ 1)x — sin“ nx
= hm/ ( .)2 Hdx
n—re J( sSin”x

o

Xk
= lim [ sin(2n+ 1)x <—) dx.
n—ree J( Sinx
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When k > 1, the function x — x*/sinx is integrable over [0,7/2], and we get,
based on the Riemann-Lebesgue Lemma, that

3 xk
lim [~ sin(2n+1)x (—) dx=0.
n—e Jo sinx
The preceding limit, which can also be calculated by using integration by parts,
is a particular case of the following version of the celebrated Riemann—Lebesgue
Lemma:

If £ : [a,b] — R is an integrable function, then

b
lim [ f(x)sin(2n+ 1)xdx=0.
n—e Jq
Now we are ready to solve the problem. Let € > 0 and let P(x) = Y, aq;x* be

the polynomial that uniformly approximates f, that is, |f(x) — P(x)| < € for all
x € [0,7/2]. We have

1 /% sin®nx 1 % sin®nx 1 /% sin®nx
_/ ) f(-x)dx__ ) x)dx‘g—/ ) |f(x)—P(x)|dx
nJo sin“x nJo sin“x nJo sin“x
< 877:
= 27
and in the limit,
1 /% sin?nx 1 /% sin?nx T
hm—/ U fyde— tim — [ S p(xdx < g2 (1.36)
n—en Jo  sinx n—en Jo sin“x 2

On the other hand, we have, based on Lemma 1.9, that

1 /7% sin? 1
lim L [ sin nxP(x)dx: lim L 7 sin? nx <zakxk>

n—een Jo  Sin“x n—eon Jo sin®x
% sin®nx
—Zak lim — / —5 xFdx
n—en Jo  sin“x
T
:aOE' (1.37)

Combining (1.36) and (1.37), we get that

T .
1 % sin®nx

T T
lim — de—apl |<eZ,
ng]c}on.o sin’x J ) ) ’_82

Letting € — 0, we obtain, since ag — f(0), that the desired result follows and the
problem is solved.
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1.41. The limit equals f(1)/k. Let

Y= /01 (x+ 262 430 nkf’) f(x)dx.
We have, based on Stolz—Cesaro lemma (the /oo case), that

.1t k2 2k 3 k . Yntl —Yn
tim [ (42501350 ) flgar= fim it

: 1 ! k. n+1
_’}ggm/o (n+1)""7 f(x)dx

—1; (n+1)k71 : ! n+1
= G Ty Ay (D e

It is elementary to prove that, for k > 1, one has

. (n+ 1)t 1
lim ————— = —.
n—eo (n+1)k—nk  k

Now we prove that
1
lim [ nx"f(x)dx = f(1).

n—e /0

Since f is continuous at 1 we get that for € > 0, there is 6 € (0,1) such that f(1) —
€< f(x) < f(1)+eforx e (8,1]. We have

/0 L () dx = /O () dx -+ /5 L ().

On the other hand,

o
w1
0<'/0 nx”f(x)dx‘§5 1l
and

n
n+1

(1=8" () —e) < | o f(x)dr < (1= (f (1) +e).

Passing to the limit, as n tends to oo, in the preceding relations, we get that f(1) —e <

lim,, e fy 0" (x)dx < (1) + €. Since ¢ is arbitrary fixed, the result follows.
For an alternative solution, see [63].

1.42. The limit equals f(1). First, we note that since f is an integrable function, it
is also bounded; hence, there is M > 0 such that |f(x)| <M, for all x € [0,1]. Also,
we note that we have an indeterminate form of type O - e since

1 M

o<| | (;%) )
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and it follows that

n—yoo
k=n

L= yk
li — dx=0.
im A D . f(x) 0
Now we apply Stolz—Cesaro lemma (the 0/0 case) with
g A 1
= — dx d bp=-
ap /0 <k—2;;k>f(X) an "=

and we have

o 1 /oo & .

N—yoc0 = k n—yoo 1/}’!

i J0 (S /8 F)de— fy (S7,2%/K) S(x)dx
e 1/(n+1)—1/n

= lim(n+1) /x”f

=f(1).

For proving the last equality, see the solution of Problem 1.41.

Remark. One can prove, by the same method, that if p > 0 is a real number and f
is an integrable function which is continuous at 1, then

s [
lim n? / E — dx = ——=.
nglolon 0 (kn kl’) f(x) p
1.43. The limit equals 21In2f(1). Use a method similar to the technique used in the

previous problem.

1.44. The limit equals ; W Making the substitution x = (y/n? )1/ b we ob-

tain that
a [l l/b 1 1/b
b d
" /o 1+n“x” b/ 1+y ( na) ) Y

_1 ooyl/bfl y 1/b
_Z./o 1+yf (ﬁ) 2n(¥)dy,

1 if y<n4,
y =
o) {0 if y>nt.

where
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Let f;, : [0,00) — R be the sequence of functions defined by

1/b—1

o) =X — ((l)l/b> xn(¥),

1+y né

and note that lim, .. f,(y) = y"/*71/(14+y) - £(0) and f,(y) is bounded by an
integrable function

yl/b=1

) <2 5y =

It follows, based on Lebesgue Convergence Theorem, that

oo o 1/b—1 /b o 1/b—1
. y y - y
tlim [ 1+yf((n—a) )%n(y)dy—f(o)/o S

1.45. The limit equals f(0). Without losing the generality, we consider that f(x) > 1
forall x € [0, 1]. Otherwise, we replace f by f/m where m = inf.c[g ) f(x) # 0. Let L
be the value of the limit in question. First, we note that we have an indeterminate
form of type 1%°. To see this, we prove that

1
lim [ g(x)y/ f(x*)dx=1.
n—eo Jo
Let uy : [0,1] — R be the sequence of functions defined by u, (x) = g(x) /f(x").
Let My = sup,c(o 1 f(x) and M, = sup,c[y ;&(x) and we observe that u,(x) <
Mg /My < Mgsup, .y /My < oo. It follows that for all n € N and all x € [0,1],
the sequence (u,(x)) is bounded. On the other hand, since f is continuous at 0, we
get that the limit function equals

u(x) = lim u,(x) =

n—seo

{g(l) if x=1,
g(x) if xe]0,1).

Using the Bounded Convergence Theorem, we get that

1 1
. 7 _
tim )70 = i L= 7 (s} ac= [lato
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Now we calculate the limit. We have

1
L:exp(limn(/ g(x)e'lfl“-f(xn>dx—1)>
n—yo0 0
1 | 1
(hm n ( g(x)en ™" dx —/ g(x)dx))
n—e \ Jo 0
1 i
— nf") _
exp (}ggn /0 glx 1) dx)

exp <%1nf(x”)> —1= %lnf(x”)exp(en(x)),

where 0 < 6,(x) < (Inf(x"))/n.
Let &1, : [0,1] — R be the sequence of functions defined by

hn(x) = g(x) In f (x") exp(6n(x))-

We note that 0 < In f(x") <InMj, and for large n, i.e., n > ng, one has 0 < 6,(x) <
(InMy)/n < 1. Thus, for all x € [0,1] and all n > ny, we have that |h,(x)| < e-
MgInM¢y. On the other hand, the limit function equals

h(x) = lim hy(x) =

n—yoo

{g(l)lnf(l) if x=1,
g(x)Inf(0) if xe]0,1).

An application of the Bounded Convergence Theorem shows that
1 1 1
lim | fn(x)dx = / (lim h,,(x)) dx = / (g(x)In £(0))dx = In £(0),
n—es Jo 0 \n—e 0

and hence L = f(0).
1.46. (a) The limit equals f(0)+/7/2. We need the following lemma.

Lemma 1.10. Let p > 0 be an integer. Then,

E 1 =
hm\/_ sm"xcos”xdx:{\/; it p=0,

n=yeo 0 if p>1.

Proof. We have that
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+1 p+1
/2 Vi /n+l pr1\ ym D% )F(—z )
n” p T ) = N "7
\/ﬁ/o sin” xcos” xdx 5 B( PR ) -

and the result follows from Stirling’s formula.

Now we are ready to solve the problem. Let € > 0 and let P = ¥ a;x* be the
polynomial that uniformly approximates f, i.e., P(x) — & < f(x) < P(x) + ¢, for all
x € [0, 1]. It follows that

/2 /2
\/ﬁ/ sin” x(P(cosx) — €)dx < \/ﬁ/ sin” xf (cosx)dx
Jo Jo
/2
< \/ﬁ/ sin” x(P(cosx) + €)dx. (1.38)
Jo
On the other hand,

/2 /2 /2
\/ﬁ/ sin”x(P(cosx):I:e)dx:Zak\/ﬁ/ sin”xcoskxdx:te\/ﬁ/ sin” xdx.
0 P’ 0 0

It follows from Lemma 1.10 that

/2
lim \/_ sin” x(P(cosx) 4 €)dx = Zak (hm \/_ sm”xcoskxdx)

n—soo n—soo

+¢lim \/— sm” xdx

n—seo

= (aoie)\/g. (1.39)

Letting n tend to o in (1.38) and using (1.39), we get that

(a0 — 8)\/7 < 351010\/— sm"xf(cosx)dx < (ap+ g)\/g

Letting € — 07 in the preceding inequality and using that ay = f(0), we get that

T

lim \/_ sm”xf(cosx)dx = £(0) \/;

n—oo

(b) The limit equals \/g g (%).Let f:[0,1] = R be the function defined by f(x) =
g(arccosx). We have, based on part (a), that the limit equals

210)= \/g glarceos0) = /3¢ ()

For an alternative solution, see [137].
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Remark. More generally, one can prove that if f : [0,7/2] — R is a bounded
function such that lim,_,  f(x) = L, then

hm\/— sin"xf(x)dx=L-\/7

1.47. The limit equals M = sup,. [, f(x). We have [ f"!(x)dx < M [? f"(x)dx
and hence

J2 L () d
JE fn(x)dx

On the other hand, we have, based on Holder’s inequality,® with p = (n+ 1) /n and
g =n+1, that

n/(n+1) 1/(n+1)
/bfn(x)dxg (/bfnJrl(x)dx) . (/bdx) ,

n+1
H\l/% nﬂ//abf,ﬁl(x) fjff:—(()c)ljx. (1.41)

Letting n tend to e in (1.41) and using that lim, e { fab f(x)dx = M’ we get that

<M. (1.40)

and hence,

f S (x)d
T D )dx

which combined with (1.40) solves the problem.

)

SHolder’s inequality states that if p > 1 and ¢ are positive real numbers such that 1/p+1/g =1
and f and g are functions defined on [a, b], then

[/ 1rwemae ([ cora) ([ o)

Equality holds if and only if A| f(x)|? = B|g(x)|4 for all x € [a,b].

TThis is also the topic of a classical problem of Pélya and Szegd [104, Problem 198, p. 78]. It is
worth mentioning that another closely related problem states that if f : [a,b] — R is integrable,
then the function g : [1,0) — R defined by

)= (5 [ eora) "

is monotone increasing.
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Remark. It is worth mentioning that this problem is a particular case of a problem of
Pélya and Szegd [104, Problem 199, p. 78]. However, the solution, which is based
on an application of Holder’s inequality, is different than the solution from Pélya
and Szego. For a more general problem, see also [112, Problem 23, p. 74].

1.48. The limit equals || f]|o - In || f]|-.. We have
b b
n \/ / fﬂ+1<x>dx—Wa f”(X)dX)
=n <ex <lln/b f”“(x)dx> —ex <lln/b f”(x)dx>)
p ) p )

b rn+1 dx
=1In (faf{f”—(i)jlx> exp(6y),

where the last equality follows based on Lagrange’s Mean Value Theorem applied to

the exponential function and 6, is between In{/ [, ab S (x)dx and In {/ fab S (x)dx.

This implies that lim,_.. 6, = In||f||~ and the solution is completed based on
Problem 1.47.

Remark. Similarly, one can prove that if f : [a,b] — [0,°) is a continuous function,
then

lim n "+\1//abf"+1(x)dx—<//abf”(x)dx) =0.

1.49. and 1.50. The solutions of these two problems are given in [1].
1.51. Let M = ||f]|. If M = 0 the equality to prove follows by triviality, so we

consider the case when M > 0. We have (/fol F) () fxm)dx < M.
Thus, it suffices to prove that

1
lim V | 1) sande= .
0

First we consider the case when f attains its maximum at 1, i.e., M = f(1).
Let 0 < € < M. Using the continuity of f at 1, we get that there is 6 = 6(¢) > 0 such
that M — e < f(x) <M for § < x < 1. Since the functions x — f(xk), k=1,...,n,
also attain their maximum at 1, we have that M —e < f (x" ) < M for &3 <x<I1.
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On the other hand, since § < 1 and § < v/ < --- < /8, we have that for all k =
1,...,n,one has M — g < f(x*) < M, for /8 < x < 1. Thus,

./Olf(x)f(xz) e f()dx > /{;gf(x)f(XZ) L FYdx > (M — )" (1 B \n/g)’

and it follows that

{I//Olf(x)f(_xz)f(xn)dxz (M—g) n 1— \VE

Using that lim,, ;.. v/ 1 — /8 = 1, we get thatli_m{'/fo1 FO)f(x2) - f(x)dx > M —
€, and since € was arbitrary taken the result follows.

Now we consider the case when f attains its maximum at 0, i.e., M = f(0). Let
0 < € < f(0) be fixed. Using the continuity of f at 0 we get that there is § > 0
such that 0 < f(0) — € <f( ) < £(0) for all 0 < x < §. Since x* < x for k € N and
x € (0,8), one has that f(x*) > £(0) — & > 0. We have

9
V [ e -f(x”)dxz\”/ @) e 42

It follows, based on Bernoulli’s Integral Inequality, that

\// f(x) xndx>5r/ \/f (x")dx. (1.43)

Combining (1.42) and (1.43), we obtain that

\//f f)de > 871 / \/f (w)de.  (1.44)

We prove that

1im/ i rf F(xr)dx = 8- £(0). (1.45)

n—seo

Let

x) = {f@fG2) - f(), x€(0.8),
and let v be the constant function v(x) =M = f(0). Then h,(x) < v(x) for all x €
(0,8). On the other hand, Inf,(x) = 1 ¥%_ In f(x*), and note that In is well defined

since f(x¥) > 0 for x € (0,8). It follows, based on Stolz—Cesaro lemma (the oo/o
case), that

lim In/, (x) = lim In £(x"™') = In £(0).

n—roo n—roo
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Thus, lim,,_,« i, (x) = £(0), and equality (1.45) follows based on Lebesgue Conver-
gence Theorem. Combining (1.44) and (1.45), we obtain that

lim \// - f(¥)dx>lim (5,, / irwr x”)dx) = £(0).

(b) The second part of the problem can be solved by using a similar technique.

Remark. The problem was motivated by an exercise in classical analysis which

states that if f is continuous on [a,b], then lim,,_c. (fab |f(x )|”dx) =||f]]e (see
[104, Problem 198, p. 78]).

1.52. The limit equals L/ f’(b). Without losing the generality we assume that L > 0.
Let € > 0 be such that 0 < € < min{L, f'(b)}. Since lim,_,;,- g(x) = L, we have that
there exists 8; > 0 such that

L—e<gx)<L+e, b—0<x<b. (1.46)

On the other hand, we have, based on the differentiability of f at b, that there is
6, > 0 such that

f(b) = f(x)

_/ —
. fi(b)|<e, b—8&h<x<b,

from which it follows that

L= (b—x)(e+f'(b) < f(x) < 1= (b—x)(f(b) —€), b—&<x<b.

Let 6 =min{8,5,2/(e+ f'(b)),2/(f (b) — €)}. It follows that for b — § < x < b,
one has

[1=@-x)(e+f®)]"<f'x)<[1-@-x)(f(b)—¢)]". (1.47)
We have, based on (1.46) and (1.47), that for b — 6 < x < b, one has

(L—g)[1—(b—x)(e+ [ ()]" < f'(x)g(x) < (L+€) [1 = (b—x)(f(b) - 81)]4"
We have (1.48)

b

b b—§
n [ rwstode=n [ r@ewdeen [ oeman (149

b—§b
On the other hand,
b—5 b—5
n [ (o \<nM £ (x)dx < mMf (b — 5,

Ja a

0<
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where M = sup,, ) |§(x)]. It follows, since 0 < f(b— &) < 1, thatlim, e n f" (b —
6) =0, and hence
b—6
lim n f(x)g(x)dx = 0. (1.50)

n—e  Jq

We have, based on (1.48), that
b . " b
(L—e)n/bia [1—(b—x)(8+f (b))} dx < n/biaf”(x)g(x)dx

b n
< (L+e)n/lHS [1-(b—x)(f' (b)—€)]" dx.

Thus,
n_ [I=(b-x)E+r o))"
(L_8>n+1' e+ f(b) bs
n [I=G-x)(®) -t
<n/ (x)gx)dx < (L+¢€) o 7b)—¢ b5
and hence,
Lo 1)(; L (18t o))"}

n n / n+1
<n/ x dx<(L+s)W{1—[1—5(f(b)—s)} }

We have based on the definition of & that —1 < 1—8(e+ f'(b)) < 1 and —1 <

— 8(f'(b) —€) < 1, from which it follows that lim,_..[I — 8(e+ f/(b))]" ™' =0
and lim,, .. [1 — 8(f'(b) —€)]""" = 0. Letting n — oo in the preceding inequalities
we get that

L—¢ b L+eg
——— < lim " 1.51
€+f/(b) _n%wn }),Sf (X)g(x) = f/( ) ( )
We have, based on (1.49)—(1.51), that
n( L+e
e <lmn [ srstoe < GEEE

and since € was arbitrary taken, the result follows.

Remark. If f and g are both continuous then, the integral [” " (x)g(x)dx exists for
each positive integer n. However, we give below a counterexample (see [6, p. 96])
when the integral fails to exist for suitable functions f and g. Let f(x) = x and let
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—1 ifxe[0,1/2]NQ,
if xe[0,1/2]\ Q,

gx)=4q1
0 ifxe(1/2,1].

Then, for each n, the integral [, f"(x)g(x)dx is not Riemann integrable.

Next, let f(x) = x and g(x) = (1 — ya(x))(x — 1) where A is a nonmeasurable
subset of [0, 1] and ), is the characteristic function of A. Then g is nonmeasurable
and hence f"g is nonmeasurable.

/le’(1>—1
0

Let 0 < & <min{1, f’(1)}. It follows, based on the differentiability of f at 1, that
there is 6 > 0 such that 1 — (1 —x)(f"(1)+¢€) < f(x) <1—(1—x)(f'(1) — €) for
1 — 8 < x < 1. We observe that this condition implies that /(1) > 0 and f(x) < 1
for all x < 1. We have, based on the substitution x" =y, that

! n n ! n 1
n [ @ede= [ty
Let M = sup,(g 1) |g(x)|- We have
1
n [ )= /f " g(y)dy
:/O f”(\”/ﬁ)y%’lg(y)dwr/sl £y g (v)dy

=1,+J,.

1.53. The limit equals

On the other hand,

L= [ £ 0™ [ gt

It follows, since €" < &, that

] =

/f ‘<nM/f dx<nM/f )dx <M -nf"(¢).

We get, since f(€) < 1, that lim,, .. nnf"(€) = 0, and hence lim,,_.. [, = 0.
Let hy, : [€,1] — R be the sequence of functions defined by

ha(y) = (Y378 ().
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We have, since 0 < f(x) < 1, that |h,(y)] < M/e for y € [e,1] and n € N. We cal-
culate the limit function A(y) = lim,_,« /,(y). We note that (1) = lim;,_,e i, (1) =
g(1). Fory € [g,1), we have that

- LEER LR, S 1
h(y) = (1+f(3) — 1)y gy) =e "% VR gy L

It follows, since lim,_,oIn(1+x)/x = 1, that

i MAHFA) -1

) -1

Also, lim,, ;.. n({/y — 1) =Iny, for y € [€,1). On the other hand, we have, based on
the differentiability of f at 1, that

|

. f(W)_li /
i =1 /W

Combining the preceding limits, we get that

In(1+/(3)—1) f( ”;p');l_ "3[}1'*1 .
. . 5)—1 y— 1_
h(y) = lim hy(y) = lime /970 970G g(y)yn!

n—oo n—yoo
£ . — ! _
=!Iyl (y) =y g ().

It follows from the Bounded Convergence Theorem that

1 1 1
1imangg§°/e hn(y)dy:/e (}ggohn(y)) dy:/s O~ 1g()dx,

n—soo

Thus,
1 1,
lim n/ f(x)g(¥")dx = Lim (I, +J,,) = / K D=1 g(x)dx,
n—eo  Jo n—yeo €
and since € is arbitrary the result follows.
Remark 1. 1f the condition f/(1) # 0 is not satisfied, then lim,,_.. n fol SM(x)g(x™)dx
need not be finite. To see this, let f(x) = 2x — x> and g(x) = 1. The function f is

increasing, with f(1) = 1 and f’(1) = 0. However, in this case one can prove that
lim,, et fy (2 — x2)"dx = oo,

Remark 2. When g(x) = 1, one has that

1 o,
limn/ f”(x)dx:/ K D=1gy =
0 0

n—yoo

1
Sy

1.54. The limit equals f(0)I"(1+ 1/k). We record below the solution due to Chip
Curtis (see [30]). Using the substitution = y//n, we obtain that
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A fy/ ) = fy/¥n)
\/_/ 1—|—tk /O dy—/o ( = (y)dy,

(1+yk/n)" 14 y%/n)
where
1 if y<x¥n,
xn(y) = .
0 if y>x¥n.
Let f, : [0,00) — R be the sequence of functions defined by
_ SO/

We have, based on the continuity of f at 0, that lim,, . f,,(y) = f (O)e’yk. Also, f;,
is bounded by an integrable function, namely,

f(y//n) M M
‘ Ut ny ) ’S (/) = Ty

where M = sup,,|f(x)|. Now the result follows from Lebesgue Convergence
Theorem, since

A (SVAD) _
r}ggo,() (1 +y%/n )an dy = hm/ Iy

= ./wa(O)e’ykdy
= f(O)T (1 + %) .

1.56. The limit equals 2" (1 + 1/k) h(x). We have, by making the substitution ¢ =
—z, in the first integral, that

1.55. The solution is given in [49].

I, = \’72/ h(x—l—t)e*’"kdt
0 k ° k
= \’717/ h(x+1t)e "™ dt + \’Vﬁ/ h(x+1t)e " dt
J—co 0
= \’7;/ h(x—z)efnzkdz—l—\%;/ h(x—l—t)e*mkdt
0 0

L (Do )
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Let fy (1) = (h (x4 &/F) +h (x— &/T)) e “ut ', We have that lim,, .. f; (u) =
2h(x)e’”u%’l. Also, |fu(u)| < 2sup,cp |h(x)|e’”u%’17 which is integrable over
(0,0). It follows from Lebesgue Convergence Theorem that

lim I, = %/ 2h(x)e*"u%*1du:2h(x)%r (%) _2h(x)1"<1—|—%>.
0

n—yo0

1.57. The limit equals T'(1 + 1 /k). Using the substitution x* = y we have that

W k" n
=) w0
0 n k Jo n

One can check (see [133, p. 242]) that 0 < e™* — (1 —x/n)" < x?¢™*/n, for 0 < x <
n. Thus,

rm _ 1 m _ rm _ _
z/0 eyl /k ldy_E/o o yy1+1/kdy§1n§z/0 ey gy,

Passing to the limit, as n — oo, in the preceding inequalities, the result follows.
1.58. The limit equals k! /25!, We have, by the substitution (1 —x) /(14 x) =y, that

s /1 I-x nx"dxzznk“/ly”(l—y)"-d—y=2n"“/ly"f(y)dy
Jo 14+x 0 (1+y)k+2 0 7

where

(1 —y)f
fy) = 2
We observe that
fO=F)y=-=fDa)=o0. (1.52)

We calculate the integral jol y'f(y)dy by parts, k times, and we get, based on
(1.52), that

! n _ (_1)k ! n
/O Y'f(y)dy = (n+1)(n+2)---(n+k)/o YR B (v)dy,

and one more integration implies that fol ' f(y)dy equals

(—1)* ( 70 ()

1
1 1
_n+k+1/0 yn+k+lf(k+l)(y)dy>
0

)
m+1)(n+2)---(n+k) \ n+k+1

_ (=D O )
C (n+D)(n+2) (k1)
(_1)k+l
_|_
(n+1)(n+2)---(n+k+1

1
)/0 y”+k+1f(k+1)(y)dy.
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It follows that

1im2nk+1/y —1)k2. (1),

n—soo

since

1
lim yn+k+1f(k+l) (y)dy _ 07

n—eo

F%+1) being continuous and hence bounded. Using Leibniz’s formula we get that
FU(1) = (=1)k-k!/2%+2, and the problem is solved.

Remark. This problem, proposed by the author of this book, was given as Problem
4 to SEEMOUS 2012, Blagoevgrad, Bulgaria.

1.59. We prove that [ = ;" f(x)/xdx. Making the substitution x" =y, we get that

R e e
Let L = limy—ye. x* f(x). For € > 0, there exists 8 = 0(&) > 1 such that fory >

one has |f(y)y* — L| < €. It follows that |f(y)| < (e + |L|)/y* for y > §. Since for
large n, a" > 6, we get that

dy e+ |L]
y dy‘ (8+|L|)/an y1+a,1/n = (OC— l/n)anafl’
and hence,
lim/ FO) L4y—0 and 1imn/ ) o, (1.53)
n—oo [an y n—o0 an y
On the other hand,
°° 1 * 1
/ o) 1 / o) dy+/ FO) Ly
1 y o Y
Since f is continuous and f,(y) = yn -1 ( ) we get, by the Bounded Conver-

gence Theorem, that

1) 1)
31330/1 @yidyzfl @dy. (1.54)

Let f,(y) = f(Ty)y%, for y > 8, and we note that for large n (i.e., n > 2/), we
have

1/n
Y 1 1 e+|L|
)] < (e + |L|)'ya+1 = (8+|L|)'ya/z+1 ya2—1jn = a2
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Since the function y — 1/y*/>*1 is integrable over (§,), we get, based on the

Lebesgue Convergence Theorem, that

lim /:@yidy_/:@dy. (1.55)

n—yoo

Combining (1.54) and (1.55), we get that

lim Am@yidy_/lm@dy. (1.56)

n—roo

From (1.53) and (1.56), we get that the first part of the problem is solved.
The second limit equals [;”(f(y)Iny)/ydy. A calculation shows that

n <n/1af(x")dx—l> —n./lw¥ (y% — 1)dy—n./a:o¥yrltdy.

We have

ROt R e [ R G)e

We note that, for y > 1 fixed, the function x — (y* — 1) /x increases on (0,c0) and
this implies that the sequence (y'/" — 1)/1/n decreases as n increases.

Let u,(y) = @ . y%;—l, for y € (1,6) and note that lim,, e u,(y) = f(y) Iny/y.

The continuity of f implies that

yl/n_l
T SOI0=1 < E-1) sup (7))
y€[1,8]

() g] @ \ -

and we get, based on the Bounded Convergence Theorem, that

limnflsj%y)(y»lz—1>dy:./16@lnydy. (1.57)

n—soo

Now we consider the sequence (u,(y)) wheny > 8. Let ng be such thatng > 1/a,
and we note that for n > ng, one has (y'/"—1)/1/n < (y'/" —1)/1/ny. This implies
that

fo) YW —1|_e+]|L] y/m—1 1 1
' ST =no(e+IL) | —o=i7m ~ am
y 1/n y 1/ng ylte=l/mo y

Since the function y — 1/y!t®=1/m0 1 /y@+1 i5 integrable over (8,c0), we get,
based on the Lebesgue Convergence Theorem, that

limn/:JLy)(y'lf—1>dy:/:@lnydy. (1.58)

n—soo y

)] =]
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Combining (1.57) and (1.58), we get that

limn/lm@ (y% —l)dy_./lm¥lnydy.

n—seo y

Remark. The existence of limy ,..x®f(x) implies the convergence of the two
improper integrals

/lm @dx and /i@lnxdx.

1.60. First we note that f(0) = 1. Since any integrable function is bounded, we get
that there are two real numbers, m and M, such that m < (In f(x))/x < M, for all
x €[0,1]. It follows that exp(mx) < f(x) < exp(Mx), and this implies that f(0) = 1.

On the other hand, we note that we have an indeterminate form of type O - oo.
We have

0<a= inf exp(mx) < f(x) <exp(Mx) < sup exp(Mx)=b,
x€[0,1] x€[0,1]

which implies that /a < {/f(x") < /b. This shows that

tim [ /7= [ g

n—roo

We have, based on the substitution x* =y, that
o ([ Teetman— [ et ) = [ (/767 - 707) ety
oo [ (V57 50 )

= n./ol <eXp (%lnf(y)) —exp <%lnf(0))) g (y%)y%’ldy

- (0 )~ 0 £(0)) exp(6,5)s (5% ) v~y
0

:/0 @exp(en(y))g (yﬁ)yﬁdyv

where the last equality follows based on Lagrange’s Mean Value Theorem applied
to the function x — exp(x) and 6, (y) is between 1 In f(y) and 1 In £(0) = 0. We note
that for all y € [0, 1] one has that lim,_.. 6,(y) = 0.

Let f, : [0,1] — R be the sequence of functions defined by

fu(y) = @ exp(6n(y))g (y%) i,
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and we note that the limit function equals

In f(y)

f(y) = lim f,(y) = g(1) S y€(0,1].
On the other hand,
)] < ﬂ\ Jexp(60))] 1¢(6%)] < exp(1) - sup [g()]- | L) ‘
Y x€[0,1] y

Here, we used the fact that, for large n

1 1
16,(»)] < —[Inf(y)] < —- sup |Inf(y)| <1.
n - xel0,1]

It follows, based on Lebesgue Convergence Theorem, that

fim /01 In f(y) exp(6,(y))g (y%) y%dy — (1) /01 Inf(y) a.

n—roo y

and the problem is solved.

Remark. It is worth mentioning that if f is a function such that (Inf(x))/x €

L'[0,1], then
lim 2 /1 & :—/1lnf(x)dx
n—eo Jo Y/ f(xr) Jo X

and

r}ij;(/ol{’/mdx)nz:exp(/ol@dx>.

1.61. Follow the technique from the solution of Problem 1.60.
1.63. (a) We have that

1

0

Let / = lim,_,o+ f(x)/x and let € > 0. Then |f(x)/x| < e+ ]|, for x € [0,0).
On the other hand, |f(x)/x| <||f]|~/&, for x € [8, 1]. This implies that |f(x)/x| <
max {|l| + &,||f]|~/6} =M. Let

{ Dog(/my!m i ye (0,1],

ha(y) =
»0) if y=0.

(e}
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We used the fact that

: f(y) 1/n\,,1/n
(0) = tTim ha(y) = lim ==g(y ")y g(0)

We calculate the limit function and we get that

IO :

_g(l) if yE(O,l],
h(y)=4

0 if y=0.

Since |hy(y)| < M - ||g||, the result follows in view of the Bounded Convergence
Theorem.
(b) The limit equals f(1)/g(1). Use part (a) of the problem.

1.64. Making the substitution x* =y, we get that

n [ = [0y

Let i, : [0,1] — R be the sequence of functions defined by /1, (x) = x'/" f(x) g (x!/").
We have, since f and g are continuous functions, that the sequence (h,)nen is
uniformly bounded, i.e., there is M > 0 such that |,(x)| < M for all n € N and all
x € [0,1]. On the other hand, a calculation shows that the limit function is given by

fxg(1) if x€(0,1),
h(x) = lim hy(x) = 4 0 if x=0,
f(g(1) if x=1.

It follows from the Bounded Convergence Theorem that

1imn/01x"f(x”)g(x)dx= fim 1h,,(x)dx:/ol (1im h,,(x))dx:g(l)/olf(x)dx.

n—soo n—e Jq n—soo

Let

We integrate by parts, with
u(x) = 2/g (/M) — g (1), (x) = (1/mc /gy (1 /)2 (),
V() =fx), vix)=[gf()dt
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and we get that

xn:n{xl/n 1/” /f dt

/ fO (t l/ng(xl/n)_i_xZ/ng/(xl/n)}dx

x
/ jO )Et l/ng(xl/n)+x2/ngl(xl/n)] dox.
Let v, : [0,1] — R be the sequence of functions defined by
vn(x) jO () [ 1/n ( l/n)_'_xZ/ngl(xl/n)].

We note that | fg f(r)de| < [g |f(#)|df < xsup,cpo i |f(x)], and it follows that (v,) is
uniformly bounded, i.e., there is A > 0 such that |v,(x)| <A for all n € N and all
x €[0,1]. A calculation shows that the limit function equals

(g(1) +g' (1)) L% i e (0,1),
v(x):}glgovn(x)z 0 if x=0,
(e() +g' (1)) i fx)dx if x=1.

It follows from the Bounded Convergence Theorem that

lim n (n./olx”f(x")g(x)dx—g(l)./lf(x)dx> = lim — 1v,,()c)dx

n—yoo n—ee JO

:_/01 (r}iigovn(x))dx_ H+¢(1 / fo

1.65. (a) Use the € — & definition of lim,_,.. f(x) and the fact that & f;" e 'dr = 1.
(b) We need the following lemma.

Lemma 1.11. Let o be a positive real number and let f : (0,00) — R be a locally
integrable function such that lim,_,. f(t) = L. Then,

lim p / FOou® e P dr = L
0

p—0t

Proof. First we note that ;° pot® e P"dr = 1. Let & > 0 be fixed. We have, since
lim;_o. f(t) = L, that there is 6 = &(&,¢) > 0 such that |f(¢) —L| < & for all > 6.
Thus,



1.6 Solutions 81

’/wf(t)patalePtddt—L’z‘/w(f(t)—L)pat‘xleptadt
0 0
< [ 170~ Lipar® e
0
8 o
=/ |f(2) = L|pa® e P dr
0
+/ |f(t) — L|pour® e """ dt
Js
8 o o
§p0€/ |f(t)—L|t"‘*1dt+s/6 por® e P dr
JO .
5
§p05/ () — LI di +e.
JO

On the other hand, f is a locally integrable function, so we get, since any
integrable function is also bounded, that there is M = M(6) such that |f(¢)| <M
for all ¢ € [0, 0]. It follows that

oo o 0
‘ / ft)pou® e P dr— L ‘g po(M+ |L|)/ t“ Y+ e=pM+|L|)S* +&.
0 0
Letting p — 07 in the preceding inequality, we obtain that

lim
p—0t

/ f()pour® e P dr — L ‘g €.
JO

Since ¢ is arbitrary the result follows and the lemma is proved.

Now we are ready to solve the problem. Integrating by parts we obtain that

oo o o [T < bl t o
/ git)e P dt =e / g(s)ds +poc/ (/ g(s)ds) e P dr
0 0 0 0o \Jo

I t o
:pa/ (/ g(s)ds) e Py,
0 0

We have, based on Lemma 1.11, with f(¢) = [ g(s)ds, that

oo 0 !
lim [ g(t)e ”"dr= lim (/ g(s)ds) e P por®dr
p—0TJo p—0tJo 0

1
= lim/ g(s)ds
0

t—roo

= /Owg(s)ds.
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Remark. We mention that this problem, which may be of independent interest for
the reader, is used for studying the behavior of special integrals that are connected
to various topics of Fourier analysis and wavelets such as the method of stationary
phase (see [102, Proposition 2.7.4, p. 167]).

1.66. We need the following lemma.
Lemma 1.12. The following equality holds
1 1 1 1
/ (1—-¥"Y'dx= -B <n+ 1,-> and lim [ (1—x")Y'dx=1,
0 n n

n—e Jo
where B denotes the Beta function.

Proof. The lemma can be proved by using the substitution x” = y and the definition
of the Beta function.

Let M = sup, (o 7 |f(x)|, which exists since any integrable function is bounded.
We have

/Olﬂ—x")”f(x)dx—/olf(ﬂdx’SM/Ol(l—(l—x")")dx. (1.59)

Letting » tend to < in the preceding inequality, we get, based on the lemma, that the
first part of the problem is solved. To show that the second limit equals 0, it suffices
to prove, based on (1.59), that

1
fim n /0 (1= (1—2"")dx=0.

n—oeo

We have
ol iy e C(n+1)T'(1+1/n)
In—n/o(l—(l—x))dx—n <1_ e >

Nna(l_w) _ 1 n-T(1+1/n)

where the approximation holds based on Stirling’s formula, T'(n+1)/T(n+ 1 +
1/n) ~n~/". A calculation, based on 1’'Hépital’s rule, shows that when o € (0,1),
one has that lim,,_,.. [, = 0.

1.67.Let h, : [0, 1] — R be given by A, (x) = f(x")g(x). Since f and g are continuous
functions, we get that &, is bounded, i.e., |,(x)| < M for all n and x € [0,1]. Let
h(x) =1limy,_,e hy, (x) be the limit function. A calculation shows that A(x) = £(0)g(x)
for x € [0,1) and A(1) = f(1)g(1). It follows from the Bounded Convergence
Theorem that

1 1 1 1
lim /0 FM)g(x)de = lim [ hp(x)dx = /0 h(x)dx = £(0) /0 g(x)dx.

n—soo n—eo J
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1.68. The limit equals 0. Let &, : [0,1] x [0,1] — R be the sequence of functions
defined by h,(x,y) = (x —y)"f(x,y). A calculation shows that the limit function
equals

f(1,0) if (x,y) =(1,0),
h(x,y) =14 0 if x,ye(0,1),
undefined if (x,y)=(0,1),
i.e., h, — 0 a.e. Also, we have, since |x —y| < 1, that
[ (6, 9)] < e =" [ £ (e, 9)] < £ (x,)]-

Using Lebesgue Convergence Theorem one has that

1im//x y”fxydxdy—hm// n(x,y)dxdy = // (x,y)dxdy = 0.
n—ro0 n—yoo

1.6.3 Non-standard Limits

On earth there is nothing great but man; in man there is nothing
great but mind.

Sir William Rowan Hamilton (1805-1865)

1.69. See [48].
1.70. We need the following lemma.

Lemma 1.13. Let k and | be two nonnegative integers. Then,

Lenyk 1
li b ddr=—————
e o {x} SRS IRy

Proof. Using the substitution n/x = y we get that

ok - o) P (o
_ 14, _ l+1 Y I+l Y
”_./0 {—}xdx—n ; szdy—n 2/{7 yl+2dy

X
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We have, based on Stolz—Cesaro lemma (the 0/0 case), that for ¢ € [0, 1], one has

oo 1
1 . p=n (p11)2
lim n”l 2 —l+2 = lim #
n—poo p + t) n—poo T
oo 1 oo 1
— lim p=n+1(py1)+2 p=n (p+1)I+2
n—yoo 1 1
(n+l)l+l nlt1
_ 1
. —,+n)1+2
= lim (
n—eo 1 1

(nr)FT T
1
S

Let &y, : [0,1] — R be the sequence of functions defined by

l+l
2 p+[ l+2’

and we note that the limit function equals A(t) = lim, e h,(¢) = 1/(l+ 1) and
hu(t) < n' Tty 1/p!*2. Thus, the sequence (h, (1)) is bounded for all n € N and

all ¢ € [0,1] since lim,en*1 35, 1/p"2 = 1/(1+1). It follows, in view of the
Bounded Convergence Theorem, that

1 > 1 Lk 1
liml,= [ 1 Hry - dt:/ dt =
o /0 o (n pg‘n (p+1)i+2 o [+1 (k+1)(1+1)

and the lemma is proved.

Now we are ready to solve part (a) of the problem. Let € > 0 and let P and Q
be the polynomials that uniformly approximate f and g, i.e., | f(x) — P(x)| < € and
|g(x) — Q(x)| < & for all x € [0, 1]. We have that

[ psnee [ (D) - ({2)sos

i /01 P({3}) (s - oW+ /01 P({%}) ewpar.
It follows that

[ ({2 ean [ ({2 o< [
+g/01

P({;}) ’d"SEMg“(HMf)a (1.60)
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where the last inequality follows from the fact that [P| < |P — f| + |f], and My =
supye (o, |f(¥)| and My = sup,cpo 1y [g(x)]. Let P(x) = ;L gax* and let Q(x) =
Yi-o b;x'. We have, based on the lemma, that

t () e & Bt [ (5 v
b
sz)lz(‘) k-i-cllk ll—i—l)
:/O P(x)dx/OlQ(x)dx. (1.61)

Letting n — o in (1.60), we get, based on (1.61), that

1 n 1 1
- - _ < . .
’}5130/0 f({x})g(x)dx /0 P(x)dx/o O(x)dx ’_eMg+s(e+Mf) (1.62)
On the other hand, when € — 0, one has

/OIP(x)dx—> /Olf(x)dx and /OIQ(x)dx—> /Olg(x)dx. (1.63)

Letting € converge to 0 in (1.62), we get, based on (1.63), that

lim. Olf({j’;})g<x>dx= / 1f(x)dx/0 g

and part (a) of the problem is solved.
(b) To solve this part of the problem we use a different technique. We have, with
the substitution n/x =y, that

/olf({ _"/ f{y} /f (k”(k+t) )dt'

Thus,

() () f 00) = [ 10 (=1

Lett € [0,1] and let

- 1
gn(z‘):k:z;l(k_i_t)2 and  h,(t) = n(ng,(t) —1).
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It is easy to prove that for all 7 € [0, 1], we have

(5-Ep) o= (5-22)
n<n<%2—lilkl—2>—1>ghn(t)§n<n<%—zi2>—1>.
h

It follows that lim,, .. ng,(t) = 1 and the sequence (h,(¢)),cn is bounded (why?).
We prove that, for ¢ € [0,1], we have lim, . A, () = (1 —2¢)/2. Using Stolz—
Cesaro lemma (the 0/0 case) we have that

. B n+1)gn+1(t)_ngn(t)
n—soo n—yeo 1/(n+1)—1/n

= = lim n(n+ 1) (n(gn1(1) = (1)) + gn41(1))

= —r}iggonz (m +gnr1(t ))

2
= —,}g{}on (”gn+1(t) - m)

—— tim (- Dans) = 1) = gra 1)+

n—yeo

and

2nt + 12
(n+1)?

= _,}E‘}ohnﬂ(” +r}g§°"8n+1(f) =2
=—l+1-2z.

Now, the result follows from the Lebesgue Convergence Theorem.
For an alternative solution of part (a), see [129].

Remark. Tt is worth mentioning that this result holds in greater generality (see [67]).
More precisely, if  : R — R is a bounded measurable function that is periodic with
period 1, so that f3 satisfies B(z+ 1) = B(z), and if g € L'([0,1]), then

tim 15 (%) stoa= [ Bloe [ gt

1.71. Before we give the solution to this problem, we need some auxiliary results.

Lemma 1.14. Let n be an integer and let k and m be two nonnegative integers.
Then,

[ Hopra=y Ot

p=0
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Proof. We have

/nnﬂy"({y})’”dyy*f’ /0 (n+0)k™mdr = / <2 ( ) ”tk”> Mdr

p=0

k k
=y <k) n? /lt“’”*”dt: Y (k) " .
=0 \P 0 p=0 \P k+m—p+1

Lemma 1.15. Let k,m be two nonnegative integers. Then,

1 1 1

n—yoo
Proof. Using the substitution nx =y we get that

[ miyrac= i [ onra

We have, based on Stolz—Cesaro lemma (the oo/co case) combined with
Lemma 1.14, that

1 | [ (b
: k m m _
Jim 0 ({nx})"dx = lim sl Y ({hmdy = Jim (4 D)F T — gt
P
z ( )k+mn p+1 1

o (- Y — e T (k) (mt 1)
Lemma 1.16. Let f,g: [0,1] — R be two continuous functions. Then,
lirn/f g({nx})dx = /f dx/g
n—yoo

Proof. Let € > 0 and let P and Q be the polynomials that uniformly approximate f
and g, i.e., | f(x) — P(x)| < € and |g(x) — O(x)| < € for all x € [0, 1]. We have

[ reostimdas = [ (70~ Pee(inetan

+/ P)(g({nx}) — 0({nx}) dx+/ P(x)O({nx})dx
(1.64)
On the other hand,

/Ol(f(x) P(x))g({nx})dx ’ /|f (x)[|g({nx})|dx < eMy,
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where M, = sup,c( 7[g(x)|- It follows

—eM, < /O LF) = PO9)g(fnx})dx < eM,. (1.65)

Also,

./OlP(X)(g({nx}) Q({nx})) ‘<8/ IPE)
e /0 P(x) — f(x) + £(x)|dx

< 8(8+Mf)7

where My = sup,c (g 1) f(x)], and it follows that

el M) < [ PEeind) - OUmp)de S elet My (166)

Combining (1.64)—(1.66), we get that

1
—8(8+Mf)—£Mg+/0 P(x {nx}dx</ F(0)g({rx})dx

<e(e+My)+eM,

+ / O({nx})dx

Letting # tend to infinity in the preceding inequalities, we get that

’}Lnolo/ F0)g({nx}) —hm/ O({nx})dx ‘< e(e+My)+eM,. (1.67)
Let P(x) = Yy a;x* and Q(x) = ¥, b,ux™. We have, based on Lemma 1.15, that
tim [ PC)0(m))ax= tim [ S b ()"
:;%akbm (,}LH; /0 xk({nx})mdx>
D

_ /O P(x)dx /0 O(x)dx. (1.68)

Combining (1.67) and (1.68), we obtain that
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lim/f g({nx})dx — /P dx/Q ‘<8(£+Mf)+8M,. (1.69)

n—oeo

It is easy to see that

lim ( /0 P /0 IQ(x)dx) - /0 ') dx /O o). (1.70)

Letting € tend to zero in (1.69) and using (1.70), we get that the lemma is proved.

Now we are ready to solve the problem. Let & > 0 and recall that any L' function
is approximated in the L' norm by a continuous function (see [112, Theorem 3.14]).
Thus, since f € L'[0,1], there is 4 : [0,1] — R, a continuous function, such that

1 =Rl < & ie. o |f(x) = h(x)|dx < &. We have

[ st [ nstindar | < [0 -l o
SA’[g||f—h||Ll[o,1]
< M,e.

Letting n tend to infinity in the preceding inequality, we get that

n—yoo

fim / F(@)g({nx))dx — lim h() ({nx})dx ‘<Mg£.

This implies, based on Lemma 1.16, that

}}i&/f g({nx})dx — /h dx/ ’<Mgg.

Now,

fn | sstnsoc= [ e s
<t ] seostac— s [t
+‘ /O (h(x) — f(x))dx /0 g(x)dX‘

1
<Moo+ If =l [ le(2)1dx

1
<Mete [ Jgllds
0

Since ¢ is arbitrary taken the result follows.
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Remark. The problem is motivated by the following theorem of Fejer: If f and g
are continuous functions on R of period 1, then

tim [ rgnae= [ rta [ ear

n—e /0

1.72. The solution to this problem is similar to the solution of the previous problem.
Use that a continuous function on a compact interval can be uniformly approximated
by polynomials.

1.73. We need the following lemma.

Lemma 1.17. Let m,n be two nonnegative integers. Then,

1 1 (2=
lim [ sin"(¢x)cos™(tx)dx = — / sin” xcos™ xdx.
10 J | T Jo

Proof. We have, based on Euler’s formulae,

itx _ ,—itx itx —itx
sin(rx) = % and cos(tx) = %,
1
that
1
/ sin” (¢x) cos™ (rx)dx
J—1
_ ! 1 (eitx _ efitx)” (eitx + efitx)mdx
- _y 2ntmin
1 L i '
_ T ‘/71 e tx(m+n) (82 tx 1)n(621tx+ l)mdx
1 ! itx(m+n) - (1 2itxk < (M i
_ —i —1 n—k 2itxp dx
Ty A P (S E S e WE
_ 1 2 i n m (_l)nfk\/l etxi(2k+2p7m7n)dx (1 71)
ntmin =020 k p -1 ’ )
We have that

2 if 2k+2p—m—n=20,

2sint(2k+2p—n—m) .
Sk i 2k+2p—n—m#0.

1
/ o Xi(2k+2p—m—n) g, _ (1.72)
—1

Combining (1.71) and (1.72), we get that
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/711 sin” (£x) cos™ (tx)dx = 2”+2ml,n <2k+2p2nm_0 <Z> <’Z> (—1)nk>

1 2 n\ (m _xsin?(2k+2p —n—m)
A= G (k)( )(‘1)" 2w )
! U\ 2k+2p—n—m+0 p +2p—n—m

and in the limit,
lim 1 sin” (zx) cos™ (tx)dx = 2 D (n) (m) (=" ).
e )1 2MM\ oo pnemeo \KJ \P

Now we calculate

27 2 ix _ ,—ix\ " ix+ —ix\ M
/ sin” xcos” xdx = / ¢ ,e N dx
Jo Jo 2i 2

1 2 . .
g [T
" Jo

), < ”(”)“ EG)
_ : ix(m+n) ix n o2 dx
2m+nln0 IZE) [Ztop

LR m l(2k+2p m— n)xdx.
=z 2,30 ()

On the other hand,

/znei(2k+2pfm7n)xdx: 2 if 2k—|—2p—n—m:0,
0 0 if 2k+2p—n—m#0.

It follows that

sin” xcos" xdx = ——— (=1)" k. (1.74)
/0 2minin <2k+2pznm0 k) \p

Combining (1.73) and (1.74), we get that the lemma is proved.

Now we are ready to solve the problem. Let € > 0 and let P(x,y) = ¥ , ax, pxkyP
be the polynomial that uniformly approximates f. We have that —e < f(x,y) —
P(x,y) < e forall x,y € [—1,1], and it follows that

— & < f(sin(xt),cos(xr)) — P(sin(xt),cos(xr)) < €. (1.75)



92 1 Special Limits

We have, based on Lemma 1.17, that

lim 1 P(sin(xr),cos(xt))dx =Y ag (hm /1 sink(xt)COsp(xt)dx)

t—oo J_1 kp -1

1 /2=
= E ay —/ sin® xcos? xdx
P
k.p Jo

1 21 x
=— Y agp sin* xcos? x
zJo y)
) k,p

1 2m
=— P(sinx,cosx)dx. (1.76)
T Jo

Integrating (1.75), we get that
1 1
—28+/ P(sin(xt),cos(xt))dxg/ f(sin(xr),cos(xt))dx
~1 ~1

1
<2e+ [IP(sin(xt),cos(xt))dx,

and this implies

1
—2e+lim [ P(sin(xt),cos(xt))dx < hm/ S(sin(xt),cos(xt))dx

t—roo J_q
1
<2e+lim [ P(sin(xt),cos(xt))dx,

t—eo [ _q

It follows from (1.76) that

1 (2=
—2e+ E/ P(sinx,cosx)dx < lim / Sf(sin(xt),cos(xt))dx
0

t—roo

1 2m
<2+ p P(sinx, cosx)dx. (1.77)
0

On the other hand, since —e + f(sinx,cosx) < P(sinx,cosx) < € + f(sinx,cosx),
we get, by integration, that
1 [27 1 27
—2e+— f(sinx,cosx)dx < — P(sinx,cosx)dx
T Jo T Jo

1 2m
< 28—1—; f(sinx, cosx)dx. (1.78)
0

It follows, based on (1.77) and (1.78), that



1.6 Solutions 93

1 (2=
—4£—|— S(sinx, cosx)dx < hrn/ S(sin(xt),cos(xt))dx
0

1 (2=
<de+ p f(sinx, cosx)dx.
0

This implies that

t—eo 1

1 1 [2m
lim/ f(sin(xt),cos(xt))dx—;/o f(sinx,cosx)dx’ﬁ 4e,

and since € is arbitrary taken, the result follows. The second limit can be proved by
using a similar technique.

Remark. The problem was motivated by the following problem in classical analysis
(see [14, Problem 5.75]). Determine

lim bf(x, sin(tx))dx, for feC([a,b] x [-1,1]).

t—oo Jq

We have, as a consequence of this problem, thatif f : [—1,1] — R is a continuous
function, then

2r

1
fim / f(sin(xt))dx:% [ ssinxjar.

t—eo [_q
1.74. The limit equals f(0). See [53] or the solution of Problem 1.76.
1.75. The limit equals f(1/e). See the solution of the next problem.
1.76. The limit equals f(0)g(1/¢). We need the following lemma.

Lemma 1.18. (a) Let k > 0 be an integer and let | be a positive integer. Then,

1
1 1
,}22,/0 /0 (/x) <x%+"'+x%> d, -+ dx, = 0.

(b) Let k > 0 be an integer. Then,

1 1 1\*
lim/ / (m)kdxl---dx,,:<—> .
n—e /o 0 e

Proof. (a) Let I, be the integral in question. Using the substitutions xl =y, i =
1,2,...,n, we obtain that

[
In Loy +y) 2+k/n ] 2+k/n'
Since

1 _ 1 /weft()rl+---+yn)tl—ldt
1 0 ?
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we obtain that

L ittm) -1 dy; ---dyn
/ e e 2+k/n 2+k/n
0 Y

...yn

dt

I
A‘SN
=
C\g

NN

|
N ~ RS
—
H
Q. = ®
£l
| =
=
=3
~__—
/N
—
8
S| ®
Rl IR
<
? X

g

~__—

n
I Y
_m/o N </1 y2+k/ndy dSu

where the last equality follows by using the substitution # = £ in the outer integral.

Let
B oo efsy/n "
fuls) = 1(/1 Wdy) . s>0.
We have
I~ d n
Su(s) < sl <es/”/ _;)) =sles, (1.79)
Ly

and we note that the function s — s'~'e~* is integrable over (0, o).
Now, we prove that

lim £,(s) = 0. (1.80)

n—yeo

n n
oo p—Sy/n oo p—8Y/n

We note that we have an indeterminate form of type 1° and this implies that

n —sy
0o 7sy/n li ( 00 g 5)/Vld 71> . oo efsy/n71 .
] e im n| fi" &——dy lim n [{° &———dy —oo
lim </ 2 dy) =e" ! — ot =e ~=0.
1

We have that

n—seo y

The last equality can be proved as follows. Integrating by parts we obtain that

0o ,—Sy/n _ 1 1—e/n | oo ,—8y/n
limn/ e—zdy_limn<e— —f/ S
1 1 nJ y

n—yoo y n—yoo y
00 efsy/n

= —s—slim
n—ee Jq y

dy
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and the limit, lim, . [, e /n /ydy = oo, follows from the Monotone Convergence
Theorem. Combining (1.79) and (1.80) and using Lebesgue Convergence Theorem,
we obtain that o

. 1 .
}B}Iclo[n = m . r}glclo 0 fn(S)dS = 07
and the first part of the lemma is proved.
(b) We have

1 1 n
1 W . e k . e P 1 n e 7k
,}52/0 /0 (W/x1x3 - xp)" dxy -+ - dxy —’}g{}o (n+k> =e ",

and the second part of the lemma is proved.

Let € > 0 and let P and Q be the polynomials that uniformly approximate f and
g ie., |f(x) —P(x)| < £ and |g(x) — Q(x)| < &, for all x € [0,1]. Also, let M, =
SUPyco,1] |g(x)|. We note that

f-g=(f—-P)g+Plg—Q)+P-0. (1.81)

<< Tt >_P<i+.’?.+i>>g(m)dxl...dxn

is less than or equal to € - M,. Since € was arbitrary we obtain that

’}Lngo/ /f P( — )g("xl---x,,)dxl---dxnzo. (1.82)

Similarly,

We have

X1 Xn

( ) ‘dxl - dxy. (1.83)

Let P(x) = ayx™ +---+ap and let Q(x) = bpx? + - - -+ by. An application of part
(a) of Lemma 1.18, with k = 0, shows that

P<1"_1>‘dxl...dxn

o 1 1 n ]

ghm2|a,|/---/ — ) de e d=agl. (184)
n—e 5 0 Jo \ 5+t

Combining (1.83) and (1.84), we obtain, since € was arbitrary, that

1
g({yxl---xn) —Q({Vxl---xn))P (Li’l—1> dxq---dx,

<e

1
lim
n—eo J)
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. n
tim [ [ tom —Q(ﬂxl---me(m>dxr"dxn—o-
On the other hand,
i
n n ;
P F— Q(”xl ZZal F— (Vl_xl..._x”)]'
() e - B o (2

Integrating the preceding equality and taking the limit, we obtain, as a consequence
of Lemma 1.18, that

. 1 1 n
hm/ /P S B .Q(’l_xl...xn)dxl...dx”
n—eo Jo Z++_

Xn

= aoQ (é) =P(0)Q (é) (1.86)

Combining (1.82), (1.85), and (1.86), we obtain, based on (1.81), that

fim [ [ " : dx, -y = P(0)0 [ X
lm/"'/of xil—i_——’—xi g (Yx1x - xp) doxy -+ - dxy = ()Q<;>-

n—eo J

Since P(0)Q(1/e) — f(0)g(1/e), as € — 0, we obtain that the desired limit holds
and the problem is solved.

Remark. Tt is worth mentioning that the limit

n—< J0o

ke /1/01f<i+n—+1> g (Vxixzxy) dxy -y = f(0)g (1)

equals the product of the two limits

_ 1 1 n
r}gg/o /0 f<—%l+...+L>dx1”'dx”:f(O)

Xn

and

1 1 1
tim [ g(m)dxl---dxn_g<—).
n—eo J( 0 e

1.77. The limit equals f(1/e). Approximate f by a polynomial and use Lemma
1.18. See the solution of Problem 1.76.
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1.78. The limit equals f(0). Approximate f by a polynomial and use Lemma 1.18.
See the solution of Problem 1.76.

1.6.4 Comments on Two Open Problems

An expert is someone who knows some of the worst mistakes
that can be made in his subject, and how to avoid them.

Werner Heisenberg (1901-1976)

1.80. The motivation behind this problem is a standard exercise from the theory
of infinite series (see [14, Problem 3.80, p. 26]) or Problem 3.3 which is about
studying the convergence of the infinite series Y, ,((2 — /e)(2 — /e)--- (2 —
{/e))*. One possible approach of this problem is based on proving that the general
term of the series behaves like 1/n. To see this, one can prove that if x > 1, then
1—e'"+1/(x—1)>0.Letx, = (2—/e)(2— /e)--- (2 — {/e). It follows that for
all k >3, one has 2 — {/e > 1 — 1. Thus,

w=e-volle-va>e-voll (1-27) =22 as

k=3 k=3 k—1 1

On the other hand, since for all x > 0 one has that ¢* > 1+x, we obtain that 2 — /e <
1 — 1/k, which implies that

n ke n _l 1
xn_kl'[z(z—\/')<k]'[2<1 k) . (1.88)

It follows from (1.87) and (1.88) that (2 —+/e)/(n—1) < x, < 1/n, and our goal
is achieved. Now, one can prove, and this is left as an exercise to the reader,
that lim,,_,.. nx,, exists, so the question of determining whether this limit can be
calculated in terms of well-known constants is natural and appealing.

1.81. This problem is motivated by Problem 1.12. A heuristic motivation of the
problem is as follows. One can show (prove it!) that lim,_..(n —T'(1/n)) = 7.
This means that when n is large, one has that I'(1/n) ~ n. Replacing n by n/k
in the preceding estimation, and bear with me even if this is not correct, we
have that T'(k/n) ~ n/k. This in turn implies that (I'(k/n))~% ~ (k/n)*. Hence,
Y (T (k/n)) " ~ >, (k/n)* and since the limit of the right-hand side sum exists
and can be calculated (this is Problem 1.12), one may wonder what would be the
limit of the left-hand side sum. Numerical calculations show that the limit of the
sum involving the Gamma function would be e?/(e” — 1).



Chapter 2
Fractional Part Integrals

If I had the theorems! Then I should find the proofs easily
enough.

Bernhard Riemann (1826-1866)

2.1 Single Integrals

I have had my results for a long time: but I do not yet know how
I am to arrive at them.

Carl Friedrich Gauss (1777-1855)

2.1. A de la Vallée Poussin integral. Calculate
(1
/ {_}dx.
0o | x
2.2. Prove that

/01{)1-(}2@_111(2@4_1.

Let A denote the Glaisher—Kinkelin constant defined by the limit

n
A= lim /270271127 AT R = 1.28242 71291 00622 63687 ...

n—oo =1

(continued)
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2.5. (a) Letk > 1 be an integer. Prove that

Uk 1 I
/0 {;}dx—k(1+5+---+E—lnk—y),

where y denotes the Euler—Mascheroni constant.
(b) More generally, if g is a positive real number, then

g “ q(1—y—1Ing) ifg=sl,
/0 {_} N | IR SUIDUSRTIN S YA UICC) )R TN |
q 3 T — Y~ 9T gD a7+

2.7. Let k > 2 be an integer. Prove that

[ {5 a5 - e,

where { denotes the Riemann zeta function.

2.8. Let k > 2 be an integer. Prove that
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[Hazfo=r - (ew-f-g )

2.9. Let k > 2 be an integer. Prove that

2.12. Prove that

2.13. Prove that
1 2
/ {(_1)L%J l}dx= 14+InZ,
0 X T

where |a] denotes the greatest integer not exceeding a.

2.14. (a) Prove that
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ISR

(b) More generally, let o, B, and y be positive real numbers. Study the conver-

gence of
1 B 14
bt B
JO X X

where |a| denotes the greatest integer not exceeding a.

1
[ it
o |x])] 1—x

2.16. Let m > —1 be a real number. Prove that

2.15. Prove that

| m+1 1
/0 {Inx}x"dx = (m+1)(e" 1 =1) (14+m)?*

2.17. The first Stieltjes constant, ¥;, is the special constant defined by

: " Ink In’n
71:,}52(27‘T>'
k=1
Prove that

(1
/ {—}lnxdxzy—i—}q—l.
o |x

2.18. Let k be a positive real number. Find the value of

o] k

lim { 1 } dx

n—oo J( X
2.19. Calculate

.1 -1
L= lim {E}”dx and limn</ {f}"dx—L>.
n—e Jo Lx n—e \Jo lx

2.20. Let m > 0 be a real number. Calculate

[
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2.2 Double Integrals

Nature laughs at the difficulties of integration.
Pierre-Simon de Laplace (1749-1827)

2.23. (a) Calculate

e

(b) More generally, if £ > 1 is an integer, calculate

I e

2.24. Letm > 1 be an integer. Calculate

1 ,1 1 m
//{—} dxdy.
0o Jo \x+y
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2.25. Letk > 1 be an integer. Calculate
/1 /-17): dxdy
k b)
0o Jo x
([5]+1)

where |a| denotes the greatest integer not exceeding a.

2.26. Let k > 1 be an integer. Calculate

gy

where |a| denotes the greatest integer not exceeding a.

2.27. Calculate
/ / { }dxdy

2.28. Let k> 1 be an integer. Prove that
Lol x k 1 1
k= pdxdy==(14+=+4+--+-—Ink— -
/o/o{y} y 2<+2+ +k n y>+

2.29. Let m and n be positive integers such that m < n. Prove that

Rt L e ]

2.30. Let k > 0 be a real number. Prove that

Lol (4K 2k+1 y
— bdxdy= -
/0 /0 {y} R T

2.31. Prove that

W

//{ }dxdy__l_%/_i_ln(;ﬂ).

2.32. Let k > 0 be an integer. Prove that

Ltk 1t 1 LS Ep+D-1 1
all G :_/ L Qe - :
/0 /0 {y} Y= 2o {x} 2(k+1) 2;:" (k+P) (k+1)
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2.33. Let k > 1 be an integer. Prove that

[ L () s Sty

2.34. Let k > 1 be an integer and let p be a real number such that k —p > —1.
Prove that

/“/0'1{5}"%% 1 (@) +80) ++ {(k+1)

T k—p+1 (k+2—p)(k+1)

2.35. Let k > 1 and let m, p be nonnegative integers such that m — p > —2 and
k— p > —1. Prove that

IRBE

o K& () , I
T m—p+2 <(m+1)!j2‘1 (k+))! (C(’"Jr”l)_l”m)‘

2.36. A surprising appearance of {(2). Prove that
2
T
dxdy=1——
Lk EHE e =15

2.37. Letn,m > —1 be real numbers. Prove that

bl e

1 (1 1 _c(n+2)_c(m+z)>_

:m+n+2 n+1 m+1 n+2 m+2

2.38. Letn > —1 be a real number. Prove that
1 1 1 2
Lo el o2
0 Jo y) Lx (n+1)2 (n+1)(n+2)

2.39. Letk > 1 be an integer and let

e[ L))o
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Prove that

@ I = Jy {lrk{k/x}dx,
(b) L =49/6—2n%/3 —2In2.
(c) Open problem. Find an explicit formula for I, when k > 3.

2.42. 1. Let a > 0 be a real number and let k be a positive integer. Prove that

/aa+k (e — g

2. Let n > 1 be an integer and let a1, ..., a, be positive integers. Calculate

ay an
/0/0 {k(x1 +x24 -+ x,) }dx1dxz - - - dx.
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2.3 Quickies

In my opinion, a mathematician, in so far as he is a
mathematician, need not preoccupy himself with philosophy, an
opinion, moreover, which has been expressed by many
philosophers.

Henri Lebesgue (1875-1941)

2.44. Letk > —1 be areal number and let n > 1 be an integer. Prove that
[t ae=

nx =—

k+1

2.45. Calculate

2.46. Calculate

R EHEIEIE

2.47. Letk > 0 and let m > 0 be real numbers. Calculate

[ () oo

2.48. Let n be a positive integer and let k be a natural number. Prove that

2.49. Let f and g be functions on [0,1] with g integrable and g(x) = g(1 — x).

Prove that
/ /() = (1 =) }glo)de = 5 /

where {a} denotes the fractional part of a.

2.50. Calculate the double integral

1,1
/ / {x—y}dxdy.
o Jo
2.51. Prove that

b= E W R =



108 2 Fractional Part Integrals
2.52. Let k > 0 be a real number. Prove that
Lol k 1 1 1
LG oo s0-r
0 Jo x—Yy X y 2
2.53. Let k > 0 be a real number. Find
1 rl 1 k 1 k
[ERG) () Ja
0 Jo X y
2.54. Let k and m be positive real numbers. Calculate
1 1 k k
LEAG) () prva
0 Jo y X
2.55. Letn > 1 be an integer and let m > —1 be a real number. Calculate
ol onx
/0 /0 {x—l—
2.56. Letn > 1 be an integer and let m > —1 be a real number. Calculate
Ul px
IAt=

2.57. Leta > 0, let k # 0 be a real number, and let g : [0,a] x [0,a] — R be an
integrable and symmetric function in x and y. Prove that

/ / xy)dxdy—z/ / (x,y)dxdy,

where {x} denotes the fractional part of x.

} X"y"dxdy.
y

} X"y dxdy.
y

2.4 Open Problems

I could never resist an integral.

G. H. Hardy (1877-1947)

2.58. Integrating a product of fractional parts. Let n > 3 be an integer.

Calculate
1 1
[ {ﬂ}{ﬂ}{x_}dxldndx
0 0 X2 X3 X1
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2.59. A power integral. Letn > 3 and m > 1 be integers. Calculate, in closed
form, the integral

1 1 1 e
R e —
0 0 (X1 +x2+-+x

2.5 Hints

To myself I am only a child playing on the beach, while vast
oceans of truth lie undiscovered before me.

Sir Isaac Newton (1642-1727)

2.5.1 Single Integrals

It is not certain that everything is uncertain.

Blaise Pascal (1642-1662)

2.1. Make the substitution 1/x =1.

2.3. Make the substitution 1/x = ¢ and the integral reduces to the calculation of the
series ¥ | (3k*In(k+1)/k+3/2—3k—1/(k+1)). Then, calculate the nth partial
sum of the series by using the definition of Glaisher—Kinkelin constant.

2.5. and 2.6. Make the substitution k/x = 1.

2.7. Make the substitution x = 1/y*.

2.8. Calculate the integral by using the substitution x = k¥ /yk.

2.9. Make the substitution x = 1/(k¥y¥).

2.10. Make the substitution x = 1/t and show the integral reduces to the calculation

of the series 237, (kln 225 +kIn {5 + 55 .

2.13. Make the substitution 1/x = y and observe that if y is a positive real number,
which is not an integer, one has {—y} = 1 — {y}.

2.14., 2.15., and 2.17. Make the substitution x = 1/y.
2.18. Substitute n/x =t and apply Stolz—Ceséro lemma (the 0/0 case).
2.19. Make the substitution n/x =t and prove that x, = fol {n/x}" dx verifies the

inequalities
n n? B i 1 <y < n B i 1
n+1\ 6 Sk " K2
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and

" ﬂ—z—ii < nx <—n2 n—z—’ili
n+1\ 6 [~k "Tat1\ 6 Ak

2.21. and 2.22. Use the substitution 1/x =y and the improper integral formula
1/a" = 1/T(n) [; e~ *x""'dx where a > 0.

2.5.2 Double Integrals

As for everything else, so for a mathematical theory; beauty can
be perceived but not explained.

Arthur Cayley (1821-1895)

In general, these double integrals can be calculated by writing the double integral
Jo Jo f(x,y)dxdy as an iterated integral [y () f(x,y)dy)dx, making a particular
change of variables in the inner integral, and then integrating by parts.

2.23. Write the integral in the form _folx (fol { = } dy) dx; make the substitution
xy =t, in the inner integral; and integrate by parts.

2.24. Write the integral as fol (f; + {%}m dt) dx and integrate by parts.

1 .
2.26. Use that [y (fo m) = fix ( O/XW)M and integrate by
parts.

2.28. Substitute kx/y =1, in the inner integral, to get that fol ( fol {kx/y} dy) dx =
kfol x ([ {t} /r*dt) dx and integrate by parts.

2.29. Write [ ( Iy { }dy) l::% = Jo x ( Jmx {t}dt) dx and integrate by parts.

2.30. [ ( I {x)_"} ) =2y Sk ( o dt) dx and integrate by parts.
2.31.-2.35. Use the substitution x/y = ¢ and integrate by parts.

2.38. Write [ " (jgyn{;_:}{ }dy)dx St (fol/xt"{t}{%}dt)dxand in-

tegrate by parts.

2.40. and 2.41. Use the substitution x/y = ¢, in the inner integral, to get that
Iy (jbl {x/yY" {y/x}* dy) dx= [ x (f°° {eym {1 } ) dx and integrate by parts.
2.42. 1. Let m = |a| be the floor of a and calculate the integral on intervals of the

form [/, j+ 1].
2. Write the multiple integral as an iterated integral and use part 1 of the problem.
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2.5.3 Quickies

Nature not only suggests to us problems, she suggests their
solution.

Henri Poincaré (1854-1912)

These integrals are solved by using either symmetry or the following identity
involving the fractional part function.

A fractional part identity. If x € R\ Z, then {x} + {—x} = L.

2.44. Make the substitution nx = y.

2.45.-2.47. and 2.49. Make the substitution x = 1 —y and use the fractional part
identity.

2.48. Observe that if n is a positive integer, then {n(1 —y)} = 1 — {ny}, for all
y€[0,1] exceptfor0, 1/n,2/n,...,(n—1)/n, 1. Then, use the substitutionx =1 —y
and the definition of the Beta function.

2.50.-2.54. and 2.57. Use symmetry and the fractional part identity.

2.55. and 2.56. Observe that if n is a positive integer, then {n(1—y)} =1 — {ny},
forall y € [0,1] exceptfor 0, 1/n,2/n, ..., (n—1)/n, 1. Then, use symmetry.

2.6 Solutions

Everything you add to the truth subtracts from the truth.

Alexander Solzhenitsyn (1918-2008)

This section contains the solutions to the problems from the first three sections of
the chapter.

2.6.1 Single Integrals

Sir, I have found you an argument. I am not obliged to find you
an understanding.

Samuel Johnson (1709-1784)

2.1. The integral equals 1 — y. We have
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TN TEEN T

Remark. This integral, which is well known in the mathematical literature
([43, p. 32], [65, pp. 109-111]), is related to a surprising result, due to de la Vallée
Poussin [105], which states that

limli{%}zl—y.

ne 2

In words, if a large integer » is divided by each integer 1 < k < n, then the average
fraction by which the quotient n/k falls short of the next integer is not 1/2, but y!

2.2. See the solution of Problem 2.6.

2.3. Using the substitution 1/x = ¢ the integral becomes

{t} U= Z/HI a=y (3k21 ’il+§—3k—L>

= k+1
Let S, =¥}, (3k*In(k+1)/k+3/2—3k—1/(k+ 1)) be the nth partial sum of
the series. A calculation shows that

1

_ 1 1 3, &, k+1
S,,—l—(l—i-z—i----—i—m—lnn)—in —lnn+3k§‘1k In——.
On the other hand,
2
k 1 k 1 1) n!
(2233...nn)
and

352
=1 6%

3 n k+1 137 (n1)3
—-nz—lnn+32k21ni=1n< (DT () )
2 k (2233...n")° e T n

Let

a2
(I’l+ 1)3;12(”,)3 n3n2+3n+%e% (}’l+ 1)3;12(”!)3
xn = = .

(22330 n  (2233.am)® pIntidnes
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The first fraction converges to 1/A% and for calculating the limit of the second
fraction, we have, based on Stirling’s formula, n! ~ /27n (n/e)", that

szn)i((”“)"l)}" ~ (2r)

3
e 2.
n3n2+3n+§ n e

(T[98

Thus, x, — (27)e~ 7 /AS, which implies that lim S, = — — y+ 3In(27) — 6 InA.
n—yoo
2.4. See the solution of Problem 2.22.

2.5. (a) Using the substitution k/x = ¢, we get that

/{ }dx k/ {t}dt kZ/l+ ﬂdz g{@#—l%).

A calculation shows that

AN S 1 1
=S (e ) =k . in(nt1
" ,zk(n I 1+1) " (k+1+k+2+ It )>

and this implies that lim, e S, =1+ 1/24---4+1/k—Ink— .
(b) Using the substitution x = ¢/y, we obtain that

- (oo S

We distinguish here two cases.

Case 1. ¢ < 1. We have

Case 2. ¢ > 1. A calculation shows that

la]+1y — oo
I—q</ y 2Lquy+/ {y} y>
q y lgl+1 ¥?

Lo g =)
q<”2+ T VM ) >
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Remark. If k > 2 is an integer, then

B [E]yaemsmoe(zegeng)

and this generalizes an integral from Pdlya and Szeg6 (see [104, p. 43]).

2.6. Using the substitution k/x = #, the integral becomes

LK? = {1}? & I+1 1
/{-} dx:k/ %dt_k2<2 201n L——>.
Jo | x Kk e ) I+1

Let S, be the nth partial sum of the series. We have

n I+1 1 1 1 1
2- 20— — — ) =2(n—k+1)— .
zzk( I 1+1> (n—k+1) (k+1+k+2+ +n—|—1)

—2nln(n+1) + 2kInk +21nn! — 2Ink!.

Since 2Inn! ~ In(27) + (2n+ 1) Inn — 2n, it follows that S, is approximated by

1 1 1
2(1— k) +In(27) + 2kInk — 2Ink! — 2nln 0 — (4.4 —Inn
n k+1 n+1
and hence, lim, . S, = In(27) — y+ 1+ 5 4+ + { + 2kInk — 2k — 2Ink!.

2.7. We have, based on the substitution x = 1/ yk, that

[ o [ o5 [ 5r
m+1 —k

= [ ykl
=k
2 —k+1 1,

m+1

3
+ S e

m m=1
k - ( 1 1 ) - 1
pr— _+ —_
k=1 =\ (m+1)k1 mkl mzz‘l (m+ 1)k
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2.8. Using the substitution x = k¥ /y* we obtain that

1 k {y} m+1y m
_ pk+1 k+1
/0 {%}dx_k S @ =k 2 (/ e
m+1>
2 1 1 = 1 1
—1mz:“k (mkl - (m+1)k1> tk r;km<(m+1)k _$>

K2 > 1 1 1
- m+"",§k<<m+1)m okl (m+1)k>

" oo y—k+1 m+1 y—k
LD M ey
m

m=k k

_k"Tzl—k—k"<C(k)—ﬁ—ﬁ ____ F)

k 1 1 1
- _ e — — — — ... ——).
T k-1 <C( T kk>
2.9. The substitution x = 1/(k*yX) implies that
1 ! {} 1 Dy
/0 {k\%_c}dx:kkl.k yk+1dy_kk T /}( (] +/ k+1
1
1 k
NS >>

1 ylfk
KT T—k|y k=1 &

1 1 /N1 ¢
_kk1<1—k_1—k(%> +H_T>

1t
k—1 Kk
We used that (see the solution of Problem 2.7)
=y 1 4k

AT e

2.10. The substitution x = 1/ implies that
1
I= / L (L e / urr
Jo lxJ | 1—x S22 -1
{t} t /k+1 t—k
d — o dr.
/1 ol band s 2 t
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We calculate the integral and the sum separately. We have that

N k+1t_k t i k+1t_k t
>/ —z{—}df—Z/ —z(——1>df
S 2 -1 S 2 \i—1
*i/kﬂt_k dr
=Y AT |

- k k+2 1
=3 (ki ppmit2 LY
,;1( Mkl nk+1+k+2)

On the other hand, the substitution # — 1 = u implies that

/12%}{&}&_/01 P {le}d“_/ol i {i}d

< {1} & M -k
/1t(1+t)2dt_2/k t(l—l—t)zdt

k=1
: Kk k+2 1
=3 (K 5 .
kzl( et nk+1+k+2)

Putting all these together we get that

- k k+2 1
1=23 (K kit L)
,;1( Mkl nk+1+k+2>

Let S, be the nth partial sum of the series. A calculation shows that

i k k+2 1
Sp=2Y (kln +k1ni+—>
k=1

k+1 k+1 k+2

n+2 11 1
—2(n1 -1 Db et
("nn+1 nntl) 434+ +n+2>’

and this implies lim;, e S, =27 — 1.

Remark. 1t is worth mentioning that the following integral formulae hold

PR e [ EHE s

2.11. For a solution of this problem, see [45].

2.12. We need the following lemma:
Lemma 2.1. The following formulae hold:

1. 1im,,%n(1—(n+2)1n%) =-1
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2. & lekZXde w1 mrt @D - 2k DIngR, k> 1
A e B >21n——<k kIt k> 1.

The lemma can be proved by elementary calculations.
Using the substitution x = 1/, the integral becomes

()
L L e e

We calculate the integral and the sum separately. We have
o k+1 t
dr
g‘ / 12 {t— 1 }
k+1 t
/ <— - 1> dr
r—1
k+1 dr
Ll

= k+1 k
S = k—1)%1 2k — k) In —— —
%(( P k- )
= k+1 k+2 k+1
= Phn— +(1-k)In— ——— ). 22
kzl( N P k+2> (&2)

On the other hand, we have based on the substitution r — 1 = u that
2 t 1 1}? 1 L2 1
/ {3 { }dt_ {u+ }2{u+ }du_/ u 2{_}(1”
1 r—1 0 (u+1) u 0 (u+1)° Lu
The substitution 1/u = ¢, combined with part (2) of Lemma 2.1, shows that

oo t > k+1 t—k
J:/ dezzz/ ———dr
12 (1+41) e 2 (1+1)

=Y (—L—LJr(zkle)lnkJrl

k+1 k+2

—(2k+1)1n’;ﬁ). 2.3)
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Combining (2.1)—(2.3), we get that

L1232 (1 NEa k+2 1
- dx = (k+1)*In—— — (K 4+2k)In—= — 1 — —— | .
/o{x}{ } 2( * (K20 k+1)

Let S, be the nth partial sum of the series, i.e.,

n k+1 k+2 1
S, = k+1)%In—— — (K +2k)In—s — 1 — —— |.
" 1§‘1<( T 2k k+1)

A calculation shows

n k+1 & k42
k+1)%In—— K+ 2k)In ——=
See v - B r2m g
n k+1 & + n+2
=N k+1)Pnh— YK -1)ln— — 2)1
kg,l( +1) 3 ]Zl( ) n(n )nn_’_1
n
2
= 2(k+1)In (n+2)In 2
] n+1

n+2

=2(n+1)In(n+1)—2Inn! —n(n+2)In L

Thus,

Sy =2(n+ D)In(n+ 1) —2Inn! — (n>+2n)In —— — n

n+1
1+1+ + ! In(n+1) ) —In(n+1)
273 nt2 OV "

2
=(2n+1)In(n+1)—2Inn! — (n2+2n)lnn+
n

—n

3 +2
Since Inn! = (In2x)/2+ (n+1/2)Inn —n+ O(1/n), we get that

1 1 1
- (§+_+ —I———ln(n—|—1))

Sp=(2n+1)In"
n

1 1 1 1
—(§+§+---+n—+2—1n(n+l)>+0<;>,

and this implies that lim, .. S, = 5/2 — In(2m) — 7.

1—1n(27t)—|—n(1—(n—|—2)1n ﬁ)
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Remark. We have, due to symmetry reasons, that the following evaluations hold
Al{%}{lix}zdx_g—ln(mr)—y.
Al{%}{lix} <{%}+{%C}>dx_5—2ln(2n)—2y.
RO EEYITIT R (-
/;{)—t}{lix} ({)_t}-i-{lix})dx:;—ln(zm—y.

2.13. Using the substitution 1/x =y, the integral becomes I = [;” {(—1)ly} /y*dy.
Since for a positive real number y, which is not an integer, one has {—y} = 1— {y},
we get that

(-1 lny} = k+1{ }
—dy kZl/k —y dy

I—/ {(- UJy}dy_i/kH{

¥
i 2p 2p+1
= 2/ {Lz}dy
]Jil 2[771
i 2p 11— 2p+1 2
_ 2/ {y}d +2/ Y- pd
< 2p 1—(yv=02p—1 oo 2 2p+1
= 2/ b (zp ))dy—i-z (lny-i——p)
p=1 2p—1 y p=1 y 2p
- 2 2p+1 1
- / P24 +2<1ni——>
pm1/2p=1 Y o] 2p 2p+1
> 1 2p = [ 2p+1 1 )
= In + ¥ (s
;1<2p 1 2p—1> 112‘1( 2p 2p+1
— 1 1 2 H2p—1
—Z< B L 2Pt )(217 ))
S \2p—1 2p+1 (2p)
7 Cr+1)@2p—1)
=1+In —_
<,£[1 (2p)?
=1+In—,

where the last equality follows from the Wallis product formula.
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2.14. (a) Using the substitution 1/x = the integral becomes

= [ea o e g
_2/k+1(t2 t3) 7%2 %<%2_1)

(b) The integral converges if and only if &+ 1 > . Making the substitution 1/x =1,
the integral equals

O R 1 M E Iy

oo

k+1(f —BRY & 1 B
Sy [T e S e [
=17k 1ot k=1 0 (k+”)a+

We have, since k%2 < (k+u)**? < (k4 1)%*2, that

> kY 4 kY
2 e <P < X e

Thus, the integral converges if and only if a4+ 1 > .

Remark. The convergence of the integral is independent of the parameter 3, which
can be chosen to be any real number strictly greater than —1.

2.15. We have
e e - < (1
1:/ {—} u dx:/ {—} 3 dx:2/ {—}xkdx
o x]) 1—x o lx ] i-1/0 (X
Let J, = fol {i}xkdx Using the substitution 1 /x = y we obtain that

m+1 m+1 m
Ji= {ky+}2 2 / {k)fz 2 / yk+2
m+1

m-1 m d 1 m
/ < 1 k+2) dy = 21 <_kyk + (k+ 1)yk+1> N

[l
”'H ﬁmz HMg

m=

>k> +2 (<k+ o 7 1T <k+11>mk)
2‘ [< mil) ‘#)‘W}
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11
= T -G+ - 1)
1 Ck+1)
Tk k41

Thus,

= k+1)\ & (1 = Ck+1)—1
Z(“ Kt 1 )_Z‘l<k k+l) 2 k17

since Y7 (§(k+1)—1)/(k+1)=1—y[122, Entry 135, p. 173].

For an alternative solution, see [31].
2.16. The solution is given in [51].
2.17. For a solution see [50].
2.18. The limitequals 1/(k+1).Leta, = fol {n/x}* dx. Using the substitution n/x =
t, we get that

k
=t e,
= =—

Jn 1 a Cn

a,=n

where b, = [ {r}* /1*dt and ¢, = 1/n, and we note that b, converges to 0 since
by = [~ {t}* /i2dr < [ 1/t*dt = 1/n. For calculating lim,_,..a,, we use Stolz—
Cesaro lemma (the 0/0 case) and we get that

k
bus1—b — [ g a1 [k
liman—limM_1imf"—1’2_11mn(n—|—1)/ {t—2}
n

n—soo n—e Cpi|—Cp n—soo ) n—soo
n+1 (t n)k 1 yk

=1li 1 dr=1 1 —d

Jim n(n+ )./n 2 Jim e+ )./0 (nty)2™

1
_r}gg’/o Y n—l—y2 dv= dy_ k+1

For an alternative solution, see Problem 1.70.

2.19. We prove that L = 0. Let x, = [y {n/x}"dx. Using the substitution n/x =1z,

we get that
= = k(-
=y [ ra=ny |
k=n k=n

o Y [y L
_n,{_z;,/o (k+y)2dy_n/o Y <k_2;l(k+y)2>dy'

Xp=n

= {1}
2
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Since 1/(k+1)* < 1/(k+y)? < 1/k%, for positive integers k, and y € (0,1), it

follows that
/1 & i ! dy < x, < /1 & i ! d
n —_— X, n — .
0 y = (k+1)2 y n 0 y P k2 y

(52 a) i (5-E8).

Thus,

which implies that lim,,_,..x,, = 0.
The second limit equals 1. We have, based on the preceding inequalities, that

s A R
nt1\ 6 2‘k2 <nx”<n+l ?_,Z'l/? ’

and the result follows since lim,,_,c. 1 (nz J6—%F 1/ kz) =1.

2.20. The integral equals 1/m — {(m+1)/(m+ 1). See the calculation of J; from
the solution of Problem 2.15.

2.21. and 2.22. Let
1 ¥ = {1}k = rptl {,} Pl (
Vkm_/oxm{;} dx:/l tmwdt_p_l/p tm+2 I—Z/ tm+2
1=p=y i /1 ¥ / i dy (2.4)
= 0 (p+y)m+2 | p_|_y m+2 . .
Since
1 1 o
— —(pry)uymt1 g
(p -y <m+1>!/o cor T

we have that

- | =
— —(p+y)uymi1y
g‘ p+y )tz (m41)! g / ‘

s

o m+1
oo m+1 7yu
= u. 2.5
m+1 / (2.5)
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Combining (2.4) and (2.5), one has that

1 1 X m+1 e
Vin = (m+1)!/o Y (/0 d”) &
1 oo um+l 1 i
_ —yu
_(m—i—l)!/o eu_1</0ye dy>du.

Let J; = jbl y¥eYdy. Integrating by parts we get the recurrence formula J; =

—e " /u+ (k/u)Ji_y. Let ap = Jyu* /k! and we note that a; = —% . Z—],( +ay_q. This
implies that

e [uk uk! u 1—e
agp=——\|—=+—++= |+ »

u \ k! (k—1) 1!
el u 2 uk
= 1
u ( <+1'+2'+ +k')>
P i uk+j
u &kt ))!
Thus,
oo ulfl
Je=kle ™ —,
Z‘l (k+J)!
and it follows that
1 & k! o yMmtieTu
Vi d
fom (m+1)v].§1 (k+j)'/o -1
On the other hand,
oo M+ j ,—U 3 =3
/0 ue” el du:/o W te 2142,87”“du

m+ j)(E(m+j+1)—1).
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Hence,

Viem = I)—1
o m+1 Z Elm+j+1)=1).

£2)+8@)+--+L&(m+1)
m—+1

Vi = —— 3 (Elm+ j+ 1)~ 1) =1 -

)

~.
Il
-

since X7 (E(j+1)—1)=1.
Part (b) of Problem 2.22 follows from the calculation of V; ,, combined with the

formula 37, (£(j+1)-1)/(j+1)=1~7.

2.6.2 Double Integrals

But just as much as it is easy to find the differential of a given
quantity, so it is difficult to find the integral of a given
differential. Moreover, sometimes we cannot say with certainty
whether the integral of a given quantity can be found or not.

Johann Bernoulli (1667-1748)

2.23. (a) The integral equals 1 — ’f—; We have

I_/ / {1—xy}dXdy:./olx<./ol{1—1xy}dy) d.

Using the substitution xy = ¢, in the inner integral, we obtain that

= (/{l—r}dt)dx

Integrating by parts, with
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we obtain that

= Ol(l—x) 11x}dx
= le{i}dx
)

7

where the last equality follows from Problem 2.20 when m = 1.

(b) The integral equals
LS (B (Lo Suy
k= FERNES

Use the same technique as in the solution of part (a) of the problem.

2.24. Let I, denote the value of the double integral. We have

e[ o) ([ o)

We calculate the integral by parts, with
x+1 (11" , 1 m 1"
=[5 e rw={5b - {1
g'(x) =1 and g(x) = x, and we get that
Xt (7)™ x=1 1 1 m 1™
(L0 ) L )
X t =0 0 x+1 X
2 m 2 m
:2/ {l} dt—/ t{l} dr +
I 1 t
2 2 1 (1™
:2/ t*’”dt—/ 1 mdr + x{—} dx.
1 1 0 X

125
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When m = 1, one has that

2
I = 21n2—1+/ {}dx 2In Z—E

where the equality follows from Problem 2.20.
When m = 2, one has that

1 o(1)2 5 2
bh=1-In2 =2 ey B
2 n +/()x{x} 2 T

where the equality follows from part (b) of Problem 2.22.
When m > 3, one has that

m—3 22— e
In= =D m =2 T = )m—2) /”&}dx
_ m—73 n 22Z-m +m!i (j+1,)!(§’(j+2)—1),

(m=1)(m=2) " (m—1)(m=2) " 2 & (m+j)!

where the equality follows from part (a) of Problem 2.22.
It is worth mentioning that the case when m = 1 was solved by an alternative
method in [106].

2.25. We have, based on the substitution y = xt, that

//1x dxdy _/ (/ L%de_l)>dx'

We integrate by parts, with

-0 L
=) e T e

¢'(x) = x and g(x) = x*>/2, and we get that
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1 & 1
= _C(k+1)—=
pelkrl) 2mglmk(m+1)
Let Sy = Y 1/(m*(m+1)). Since m = # - m, one has that

Si = (k) — Sx_1. This implies that (— 1)k, = (=1)*¢ (k) + (=1)¥"18;_1, and it
follows that S = (— 1)1 4 lezz(—l)kﬂé(j). Thus,

1 ‘ k41 ki .
I=3 (=X E0HIEG) ).
Remark. We mention that the case when k = 2 is due to Paolo Perfetti [99].

2.26. The integral equals 1+ %(k —8(2)—¢(3)—---—E&(k+1)). We have, based
on the substitution y = xt, in the inner integral, that

= [ ) o= L e

We integrate by parts, with

f(x)=/ol/xﬁ, f’(x):—m7
g'(x) = x and g(x) = x2/2, and we get that
(2 ) A
:%/ m—i—%/oldx
=l w +
35 [

and the result follows from Problem 3.8.

2.27. See [88] or the solutions of Problems 2.28 or 2.29.
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2.28. We have, based on the substitution kx/y = ¢, that

(L o) ([ o)

Integrating by parts, with

0= [ {t’—z}dz, fin) =

2

g'(x) = x and g(x) = x*> /2, we get that

1_k<(2 e {ttz} )0 2/{kx}dx>

1
_k(z.k i}y +ﬁ {kx}dx). 2.6)

A calculation shows that

[ o= [opar= g5 [ b= 15 [

2.7
On the other hand,

= {t} < j+1 1 1 1
W=y (ml o )ittt —mk—y. (28
/kl‘2 Z;{ ;o gern) Ttttk B8

Combining (2.6)—(2.8), we get that the integral is calculated and the problem is
solved.

Remark. We also have, based on symmetry reasons, that

1 rl
y _k 1 1 _
/0/0 {kx}dxdy—z(l—i-z-i- + o —Ink y>+

2.29. We have

e ([ {2 L )

Integrating by parts, with

o o {m 2
= e pg=-n U
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we obtain, since {22} = " for x € [0,1), that

= W [ ()
(;[n {ttz} +% %dx>

L {t}dH—z)

/ {t’—z}dw/lw%dwé)

.[nl;dt+1—y+%)

Remark. 1Tt is worth mentioning that, when m > n, the integral equals

m n 1 1
— | In—+14+-4++-—7+
m 2 q

n

an +7242mr
2m? ’

where g and r are the integers defined by m = nqg+r with r < n.

2.30. Using the substitution # = x /y, in the inner integral, we obtain that

o ([ (S )e ([ )

Integrating by parts, with

et

0o ¥*
o= [[Wa =T gm0 =1

72 AN

we obtain that

B xk+1 {l} 1
_(k+1 e ) O+m.o {Xk}dx
1 {t} ko[l
Tk+1s 2 +k+_1.0 K
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1—vy k

RS RN
_ 2k+1 0y
(k1?2 k1

2.31. and 2.32. We have, based on the substitution x/y =7, that

1 1 k 1 o [41K
Ik:/ </ {f} dy>dx—/ x(/ %dt)dx
0 0 y 0 x t
We integrate by parts, with

oo k xk x2
o= [a po=-E gw=x =%

and we get that

={t} Lotk = {1} 1
b= (2 : dl) Lt dx_z R T ES)
1 1 1&g+ n—1 1
=3 Vkot 2k+1) Ej:zl (F19) 2(k+1) 29)

where the last equality follows from the calculation of V; ,, (see the solutions of
Problems 2.21 and 2.22).

On the other hand, we have, based on the substitution 1/x = ¢, that fol {% }k dx =
k
I {;—;dt, and the equality

Lot (x)® 11 1
- dxd :—/ - dx+——,
/0 /o {y} =2 {x} 2(k+1)
follows from the first line of (2.9).
The case k = 2. (this is Problem 2.31)

/1/1{x} i p—|—1—1+1
o Jo |y (p+1)(p+2) 6

= H-1 & H-1 1
-y Sp+1) 2CP+ 41

| p+1 ] p+2 6
1y In(2n)
=373t

since X7 (§(p+1)—1)/(p+2) =3/2—7y/2—1n(27)/2 [122, p. 213] and

(6(p ) 1)/p=1-y[122,p.173].
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2.33.-2.35. We have, based on the substitution x/y = ¢, that
11 1 k
// dxd_/—/fy'"dydx
Jo xP \Jo |y
1
_ +1— {t}
_/Oxm p<xtm+2 >dx
We integrate by parts, with

X xm+2f
ro= [ p =L g meron, - 2L

and we get that

1,1 k m
//{f} Y i
oJo Ly) x°

1 1
oL [
w0 m+2—-plJo

xm+27p / {t} ”
m+2—p 2

1 {r}
- / Sdr+
m+2—pJi "t (m+2-p)k—p+1)

Vk,m
m—|—2—p+ (m+2—p)k—p+1)
k! (m+j)!
(m+2—p)(m+1)! = (k+j)!

(Elm+j+1)—1)

HMS

1
T k—pt D)

When m = k (this is Problem 2.34), we have that
/l/l{f}kﬁdxdy_ 1L L@+8@)++8k+1)
oJo \yJ x k=p+1 (k+2—p)(k+1)
When m = p = k (this is Problem 2.33), we have that

/Ol/ol{g}"e)"dxdyzl_C<2)+C<32)(:+--1-)+C<k+1)_

2.36. See [3].
2.37. See the solution of Problem 2.38.
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2.38. Recall that (see the calculation of J; in the solution of Problem 2.15) if o > 0
is a real number, then

/lt‘x{l}dt—l—w. (2.10)
0 t o o+1

We calculate the double integral by making the substitution y = x¢, in the inner
integral, and we get that

e B e)e- Lo (0o ()«

We integrate by parts, with

o= [ {Ha rw-—Zsm{th

g'(x) =x*"*1 and g(x) =x*"*2/(2n+2), and we get, based on (2.10) with x =n+1,
1

that
x2n+2 1/x 1 1 1 1
1= 't} — v dr — [ X — >dx
<2n+2 0 {}{t} > 0+2n+2 0 {x}{x}
1 1 1 1 1 1
= Y= b dt . — odx
2n+2/o {}{t} +2n—|—2/ox{x}{x}
1 /lxn+1{l}dx
n+1Jo X
1 1 {(n+2)
T n+1\n+1 n+2 '
2.39. See [132].
2.40. and 2.41. We have, based on the substitution x/y =z, that

o [ ([ ) fo([0n (3] &)a

We integrate by parts, with

s = [T VS pw=—n L

g'(x) = x and g(x) = x*>/2, and we get that
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133
x e\ <=0 1 1k
(7 } ) x:ﬁé/o SHE
1 n” l/
20 2
1 1
= 5Vink+ 3 Vi 2.11)

Recall that (see the solutions of Problems 2.21 and 2.22)

1 1 k b '
Vk‘m:/ )H"{—} Z Sm+j+1)—1).
’ Jo x s}
Thus,
1 1L om & (k) .
e = 3 Vink 3 Viom = 550731 gl CETIRE AR

hnd m+]
m+1 2 Cm+j+1)—1).

When k = m (this is Problem 2.40), one has

/ol/ol{g}m{f}mdxdy— i Cm+j+1)—1)

since 2‘;’:1(@’(17—# 1)—1)=1 (see [122, p. 178]).
2.42. 1. Let m = |a| be the floor of a. We have

[ e [ e S ([T e« [T e

Jj=m+1

N T ([ )+ [k mas

Jj=m+1 +m

N =



134 2 Fractional Part Integrals

2. The integral equals (1/2)a; - - - a,. Let I, be the value of the integral. We have

aj Ap—1 An
h:% WA (A{Mm+m+m+MHMOdnmmhb

Using the substitution k(x; + - - - +x,) = y, in the inner integral, we get that

an k(x1+4x,-1)+kan
/ k(1 4+ 324 -+ x) k/ (v} dy
0 k(xp4+—4x,-1)

75

where the last equality follows based on the first part of the problem. Thus,

n—1 q 1
1—/ / —"dx1 dx,— 1= a1 dn.

2.43. See [135].

2.6.3 Quickies

A mathematician’s reputation rests on the number of bad proofs
he has given.

A.S. Besicovitch

2.44. We have
= yl 1" ! v ol y 1
{n}dx {}dy— y Jidy= - Z du—T
j 0

2.45. The integral equals 1/2. Let I denote the value of the integral. We note that if
x is a real number and x is not an integer, then

{F+{—x}=1 (2.12)

We have, based on the substitution x = 1 —y, that

()
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2.46. The integral equals ¥ — 1/2. We have
L 1 1 1 x=1-y [! 1 1 1 1
LG S S e
LGS

0 y l-y I=y) ly

and the result follows from Problem 2.10.

2.47. The integral equals (m!)?/(2(2m+1)!). We have
{6 - () promre
) () o
SIS ORES) R

1
= / Y'(1—y)"dy—I=Bm+1,m+1)—1,
Jo

where B denotes the Beta function.

2.48. First, we note that if n is a positive integer, then {n(1 —y)} = 1 — {ny}, for all

y € [0, 1] except for O, ﬁ, %, e anl’ 1. Since the Riemann integral does not depend

on sets of Lebesgue measure zero (or sets with a finite number of elements), we get,
based on the substitution x = 1 —y, that

1= [ ) impae= [ ) 01—

= [ 0 mhay= [ - a1
=Bk+1,k+1)—1

()
T (2k+1)! -1

Remark. Tt is worth mentioning that if f : [0,1] — R is an integrable function, then

1 1 11
/Of(x—xz){nx}dXZE/O f(x—x%)dx.
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2.49. Use the substitution x = 1 — y and identity (2.12).
2.50. The first solution. The integral equals 1/2. We have

:/0‘ (./Ox{x—y}dy-l-/xl{x—y}dy)dx

We note that when 0 <y <x, then 0 <x—y < 1, and hence {x — y} =x—y, and when
x<y<l,then —1 <x—y <0, and hence, {x—y} =x—y—[x—y|=x—y+1.

It follows that
1 X 1 1
I:/ /(x—y)dy+/ (x—y+1)dy|dx= =
Jo 0 x 2

The second solution. By symmetry,
1,1 1,1
I= / / {x—y}dxdy = / / {y —x} dxdy.
o Jo 0 Jo

I=3(+1)= zfofo({x yi+{y— x})dXdy(z_lz zfofodXdy:%,

because the set on which the integrand is O is a set of measure 0.

Hence,

2.51. We have, based on symmetry, that

I_//{Hy}dmy //{Hy}
=aen=a [ L (R G))ee ™ o feo=s

because the set on which the integrand is O is a set of measure 0.

2.52. Use symmetry and identity (2.12) and Problem 2.1.

2.53. The integral equals 1/2. Use symmetry and identity (2.12).

2.54. The integral equals 1/(2(m + 1)?). Use symmetry and identity (2.12).

2.55. The integral equals 1/(2(m+ 1)2). First, we note that if n is a ﬁxed positive
integer, then {n(1 —a)} = 1 — {na}, for all a € [0, 1] except for 0 ”n;l, 1
We have, by symmetry reasons, that

[ e [ (25 e

7” Vl"”’
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and hence,

1 1 1 1 nx ny
I=-(I+1)== o)XY dd
o= ({F55 ) rae

—1/1/1x’"’"dxd—l/1x’”dx/lmd——l
“2Jo Jo T T2 0 VT 2mr 12

We used that
nx n ny —1
x+y x+y

for all (x,y) € [0, 1], except for the points of a set A of Lebesgue area measure zero.
The set A is the set of points for which )%y = %, k=0,1,...,n, and hence, A turns
out to be the union of n+ 1 lines through the origin.

2.56. The integral equals 1/(2(m+ 1)?). See the solution of Problem 2.55.

2.57. Use symmetry and identity (2.12).



Chapter 3
A Bouquet of Series

Even if we have thousands of acts of great virtue to our credit,
our confidence in being heard must be based on God’s mercy

and His love for men. Even if we stand at the very summit of

virtue, it is by mercy that we shall be saved.

St. John Chrysostom (347—407)

3.1 Single Series

An expert is a man who has made all the mistakes that can be

made in a very narrow field.

Niels Bohr (1885-1962)

3.1. Letn,m > 1 be integers. Prove that

{ﬁ} _n_1 imilezmkl/m
m m-mi_ii—o
where {a} denotes the fractional part of a.
3.2. Let n be a positive integer. Prove that

n—1

Ca kw14 (=1)" nm
k —
Y. (1) sm”7 = mcos—-.

3.3. Let o > 0 be a real number. Discuss the convergence of the series

=

2 ((2—\/2)(2—\3/2)...(2_%))(1'

n=2

O. Furdui, Limits, Series, and Fractional Part Integrals: Problems in Mathematical
Analysis, Problem Books in Mathematics, DOI 10.1007/978-1-4614-6762-5_3,
© Springer Science+Business Media New York 2013
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3.4. Let B > 0and let o > 0. Prove that the series

M|

nP (cos1cos2:---cosn)*  and Znﬁ (sinlsin2-

3 A Bouquet of Series

--sinn)%
n=1
are absolutely convergent.
3.5. Discuss the convergence of the series
o sindtsind poopsind
2x51n1+sm2+ Jrsmn7 xE(O,l).
3.6. Prove that the series
2 coslcos?2---cos"n and z sinlsin®2---sin"n
n=1 n=1

are absolutely convergent.

3.7. Let f be the function defined by f(n) =

< (1
3 (5-s) -
n=1 (I’l
3.8. Letn > 1 be an integer. Calculate the sum
Zl k+1 '
3.9. Letn > 1 be an integer. Calculate the sum
i 1
Sk (k1)
3.10. Letn > 1 be an integer. Prove that

- 1 1
&

k(k+1)(k+2)---(k+n)

3.11. Prove that

=1n2/2k1if 2k=1 < n < 2k, Prove that
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3.12. Calculate

> K2 k—1
k—1)P2ln—0 — —— ).
2(( S Ing— k+1>

k=2

3.13. Integrals to series. Let & > 0 and let p > 1 be an integer. Prove that

c o! ! p—1+o ,—x%
z :e/ X e " dx
(a+p)2a+p) - (na+p) 0

n=1

and ( 1)n71an71

oo 1 o
Z :eil/ DA I
S (a+p)2a+p)---(na+p) 0

3.14. Calculate the sum

=1 11 —1)n!
2—(1——+—+---+Q—ln2>.
—n 2 3 n

3.15. Prove that
o 1 1 1 1 1,
Z‘E(n—l—l n+2+n+3_m)_§C(2)_§ln 2

3.16. Find the value of
| 11 —1)n!
2—2(1——+—+---+( ) )
on 23 n

3.17. Calculate

) 1 1 -1 n—1 1
Y 1__+_+---+(—)—1n2 -lni.
23 n n

n=1

3.18. Let p > 2 be areal number. Find the value of

3.19. Let p > 3 be areal number. Calculate the sum
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3.21. Prove that

- 3
S (f0-p-gm) -3

3.23. Find the value of

3.24. Show that

S¢k-1 11y @)
2 T Ay

k=2

3.25. Find the value of

5 s -1

k=1

k+1
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(continued)
The Digamma function, y, is defined, for x > 0, as the logarithmic derivative
of the Gamma function, y(x) = T (x) /T'(x) [122, p. 13].

3.27. Let a be a real number such that |a| < 2. Prove that

1—a

ia”(n—§(2)—§(3)_..._§(n)):a(‘V(Z—G)‘H/_l).

3.28. A quadratic logarithmic series. Prove that

& 1 1 1\ 72 m2 _,
n2——— ——— — o — | =4 22?2,
2 <n n+l n+2 Zn) w7

n=1

3.29. Prove that

=/ 1 1 1 2
Z( - + —> =1In2.
“\n+l n+2 n+3

3.2 Alternating Series

If I have been able to see further, it was only because I stood on
the shoulders of giants.

Sir Isaac Newton (1642—-1727)

3.30. Let p > 2 and k > 1 be integers. Find the sum

= (—1)"
21 L/n)*

where |a| denotes the greatest integer not exceeding a.

3.31. Let k > 2 be an integer. Find the sum

- (="
2 nl(n+k)

n=1
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3.32. Let x be a positive real number. Prove that

(-1t

+x =In2—y(x)+y(x/2)+1/x,

1M

where y denotes the Digamma function.

3.33. Find the sum
oo (_1)n71 1 1 (_1)n71
l— == ... )
2 2 + 3 +

n=1 n

3.34. Find the sum

> 1 1 1
- ({ln2—-——-———--- = — ).
”g‘l( ) (n n+1l n+2 Zn)
3.35. Four Hardy series.

(a) Prove that

- 1 1 Yy—Inrx

_17[ 1 —_ — ——1 — =
gl( ) (+2+3+ + nn y) R
hnd 1 1 Inn vy In8§ Inm nwm vy
2_1” 14+= — Y 2= - _Z4 7
n:l( ) <+3+ +2n—1 2 2 ) 4 4 8+4

(b) Let k> 1 be an integer. Prove that

= 11 1 Yy  VAQk— 1)
) (14—t g ——1 ) —y ) =L —p ¥ U

r;( ) ( +2—|—3+ —l—n n(n+2k) 7/) 5~ In S ,

> 11 1 Y 2+ k1

S (1) (144 =+F——In(a+2k+1)—y) =L —n————

nzl( ) ( Fatg oty sl 2kt ) ”) 2 Mk

3.36. An alternating Euler constant series. Prove that

Y (1! (l—ln”“) zln%.

=1 n n

3.37. Prove that

i (—1)" <nlnn+ L 1> =1+ (In7)/2 — 6InA + (In2) /6,
n=1 n

where A denotes the Glaisher—Kinkelin constant.
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3.38. Prove that

ad ,nn w2
2(—1) 7 = E(ln(4n) — 121nA—H/),

where A denotes the Glaisher—Kinkelin constant.

3.39. An alternating series in terms of Stieltjes constants.

(a) Prove that

& _;Ink  In?2
2(—1)k IT:T—YIHZ
k=1

(b) More generally, if n is a nonnegative integer, show that

> "k In"tl2 =l /n .
et = — An" 7 2.
S =5 ()

3.40. Prove that

S (¢ (1) n-v) =mmae 3 S ne - ngw,

n=1

where 7, denotes the Stieltjes constant.
3.41. Find the value of

o (=D)L (="
n; > (1—§+§—---+ )

n n

3.42. Prove that

- 1 1 1 1
I+ -+-+-—Inn—y—— ) == (y+1-In(2n)).
nzl( +5+ o —lnn—y 2n> 5 (r+1=In(27))
3.43. Prove that
- ~ 1 1 1 y 1 7
Dk (1424 - —Ink—y— — | =—L ——4+3InA— —In2,
k;( ) (+2+ oy Zk) 4 g oAm g

Catalan’s constant, G, is defined by the series formula [43, p. 53]
> (=) 1 1 1 1

G: —_— T — — — —_— e — DY
Z;)(zn+1)2 Z et 7"t

(continued)

145
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3.45. Prove that

=N T AN 1 1 a0
,Z;,(_l) (n+1_n+2+n+3_"') T4

3.3 Alternating Products

What we know is not much. What we do not know is immense.

Pierre-Simon de Laplace (1749-1827)

3.47. Let p > 2 be an integer. Find the value of

0(-wm)

where |a] denotes the greatest integer not exceeding a.
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3.48. Calculate

n=1

3.49. Calculate

3.50. (a) Calculate

(.7 @n—Dhyanr\"Y
2 2] '

n=1

(b) More generally, if x # n7 is a real number, find the value of

(e (-5 ()

3.51. The Gamma function and an infinite product.

(a) Find the value of

ﬁ 2m+2n—1 2n
2n—1 2m+2n)’

n=1

where m denotes a positive integer.
(b) More generally, if 3t(z) > 0, find the value of

fi(-

3.52. A Glaisher—Kinkelin product. Prove that

© 1/ op U1/ A3
I (5e1) =g

oo 1 (=1t oo 1 (=1t
U(l—i—;) and H(l——2> )

147
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3.53. A Stirling product. Prove that

f[( n! >(‘1)"1_ A3
a1 \V27n(n/e)" 27/12gl/4"

3.4 Harmonic Series

...and I already see a way for finding the sum % + % + % + %
etc.

Johann Bernoulli (1667-1748)

The nth harmonic number, H,, is the rational number defined by H, =1+ 1/2+
1/3+---+1/n. The first four harmonic numbers are H; = 1, H, =3/2, H; =11/6,
Hy=25/12.

3.54. Prove that

z A
M) —— = Hyp
,Z;)( )<k+1>k+1 i

3.55. Prove that
3.56. Prove that

3.57. Prove that

i (—1)”*17" = —é(nzln2—4ln32—9é’(3)).

3.58. A series of Klamkin. Prove that

> H, n*

a3 72
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3.59. (a) Prove that

> 1 1 1
1 =2.
Z( toty oot +1> n(nt 1)

(b) More generally, for k =1,2,..., one has that

) G R ! S (R
2 n+k)nn+1)---(n+k) k-k!'\k 2 k)’

n=1

3.60. Letn > 2 be an integer. Prove that

i Hj 1 L
S k(k+1)(k+2)---(k+n) n!'\ 6 22 (n—1)2)"
3.61. Harmonic numbers, {(2) and {(3). Let n > 2 be an integer. Prove that

> Hy 1 2
Zi KRk+1)(k+2)---(k+n) n! (ZC@_F)

_1"1( IR )
n Sk \ 6 22 (k—1)2)

3.62. The nth harmonic number and the tail of {(2). Show that

| 1 1 21 7
3 (1egeg) (cm—};,;) ~Te@

3.63. Prove that
& H,—lnn—y ¢ n?

& T 2tmn
3.64. Prove that
= 1 1 1 1 o 14l yl 2
2_(1112____ ..... _): #:n__hﬁzl
“n n+l n+2 2n = @2n+1)(2n+2) 12
3.65. Prove that
2 1< 1 1 1) 572 3In’3
Z_ In3— — — — ... =
“in n+1 n+2 3n 36 4
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3.70. A quadratic series of Au-Yeung. Prove that

i H,\* 17!
“\n/) 360"
3.71. A special harmonic sum. Prove that
— H, H,,
2¢(3).
3 L@+

n=1
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3.72. Nonlinear harmonic series. Let k and m be nonnegative integers and let

oo

Hyir Hpim
T, =y . d 5,=% 2
kom g‘n—i—k n+m an k= g‘ n n—i—k

(a) Letk > 1 be an integer. Prove that

= k=1 1 3 2\ m H 203) 1&H
- _1V/ - (= _Z A, O Ent A S/ il
Sk go( 1)( j )(j+1)3 (j+1 k)+6 P P

(b) Let 1 <k < m be integers. Prove that

k
i+m—k
m=Smp— Y — . R
" i_zizz—l—mk

3.5 Series of Functions

The cleverest of all, in my opinion, is the man who calls himself
a fool at least once a month.

Fyodor Dostoevsky (1821-1881)

3.73. Letx > 0 be a real number and let » > 1 be an integer. Calculate
i 1
Sk (k+x)
3.74. Letk > 1 be an integer. Find the sum
5 (1
n=1 -
3.75. Letk > 1 be an integer. Find the sum

o k
z ( —1—x—x2—---—x”) . x < 1.
= 1—x

k
---—x") . k< 1.

3.76. Prove that

oo 2
EHES i) - e
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3.77. Let p > 1 be an integer and let x be a real number such that |x| < 1. Prove that

= , In(1—x?)
2 <2 - 1—x”>_ 1—x?

n=1

and

il rg(—l)kxpk— ! :ln(l—i—xP)
= 1+xP I+xP

n \k=o

3.78. Let x be a real number such that |x| < 1. Find the sum

2
(=1)""n <ln(1 —x)—|—x—|—%—|—---+x—n) .
n

M s

n=1

3.79. Find the sum
- 1 X2 x" 2
1 —X— = — = — 1, < 1.
i’l;l ( n 1—x . 2 n ) |x|

3.80. Find the sum

ad 1 x? X 1 )
Z(Inl_x—x—E ----- ;) (1_x—l—x—x—---—x”), x| < 1.

n=1

3.81. A cosine series. Let x € (0,27), let k > 1 be an integer and let

i cosnx
Snn+1)(n+2)---(n+k)

(a) Prove that Sy (x) equals

(2sin$)*
k!
- - _ k (r—x)(j—k)
x | —cos (x— )k In (2Sinf> T in (m—x)k + ST )
? 22 2 A j(esing)

(b) Show that

< (—1)" 2k 1
—In2
Z'ln ntD)(n+2)--(ntk) K\ +2 2
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The Cosine integral, Ci, is the special function defined by [62, Entry
8.230(219), p- 878]

ci)=— [ 4, x>o.
X t

3.82. A Cosine integral series. Prove that if 0 < a < 27, then

. 2 2
2
Cl(an):_n In 7r+2n21nA_7ra+a'
2 6 a 8

n 2

n=1
3.83. Find the sums

ii< ! —1—x—x2—~~~—x”+m>, x| <1

n=1m=1 I—x
and
0o oo 1 x2 xn+m
D <ln —X— e — ), x| < 1.
B Wou 1—x 2 n+m

3.84. Let p be a nonnegative integer and let x be a real number. Find the sum

d x X2 xP
(et oy

(n+p)!

3.85. Let x be a real number. Find the sum
2 n

< n—1 X X X X
pRIC PR

n!
3.86. Let x be a real number. Find the sum
- o2f « X X X
B i
Z‘l” <e 12 n!)

3.87. Let p > 1 be an integer and let x be a real number. Find the sum

S up (B X 2,

= n! (n+p)!

3.88. Let f be a function that has a Taylor series representation at 0 with radius of
convergence R, and let x € (—R,R). Prove that
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3.89. An exponential series. Let f be a function which has a Taylor series
representation at 0 with radius of convergence R.

(a) Prove that

o 2 n X
zf(n)(o) <ex_1_lﬁ!_;_! ..... %) :/0 ex_tf(t)dt, |x| <R.

n=0

(b) Let o € R*. Calculate

3.90. Let f be a function which has a Taylor series representation at O with radius
of convergence R.

(a) Prove that
< (n) X X x2 x" x X—t, ol
Y afo) (e—1-t -t D :/e tf (0)dr, x| <R.
n=1 '

(b) Let a € R. Calculate

o 2
al x x X x"
En(x (e—l——“——Z! ----- —.).

n=1

3.91. Let f be any function that has a Taylor series representation at O with radius
of convergence R, and let

(0 (0
0+ L0 70
denote the nth-degree Taylor polynomial of f at 0. Calculate >, (f(x) — T, (x))
for |x| <R.

3.92. Let f be any function that has a Taylor series representation at 0 with radius
of convergence R, and let 7;, denote the nth-degree Taylor polynomial of f at 0. Find
the sum Y7 (—1)" ' (f(x) — T, (x)) for |x| < R.
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3.93. An infinite sum of a function with its Taylor polynomial. Let f be any
function that has a Taylor series representation at 0 with radius of convergence
R, and let T, denote the nth-degree Taylor polynomial of f at 0. Find the sum

w1 X" (f(x) = T (x)) for |x| < R.

3.6 Multiple Series

How can intuition deceive us at this point?

Jules Henri Poincaré (1854-1912)

3.94. A double alternating series. Find the sum
e &3 1)n+m
22 ()

where |a| denotes the greatest integer not exceeding a.

3.95. Let or > 4 be a real number. Find, in closed form, the series
i i / 1 o’
n=1m=1 (|_ n+mJ)

where |a| denotes the greatest integer not exceeding a.

3.96. When does a double series equal a difference of two single series?
Suppose that both series Y ; ax and Y;”; kay converge and let 0 and G denote
their sums, respectively. Then, the iterated series ¥, X" @u4m converges and its
sum s equals 6 — ©.

3.97. With the same notation as in the previous problem, let us suppose that the
series Y, a, converges, that 62, = o(n), and that the limit £ = lim,_,e(naz, +
Ga,—1) exists in R. Then, the iterated series Y, Yo_; dy+m converges and its sum
sequals £ — 0.

The logarithmic constants, &, are the special constants defined by

m—yoo

6, = lim <Zln k— / In" xdx——ln m) = (=1)"(¢"™(0) +n!).

(continued)
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(continued)
In particular &y = %, o = %ln(27t) — 1. These constants, which are closely
related to the Stieltjes constants, are recorded in [43, p. 168].

3.98. (a) Prove that

S~ In(n+m) 1
yntm LTI 2 () n22 — 212).
g‘g‘ n+m 2(n2—|—n vin

(b) More generally, let p be a nonnegative integer and let

i i n+m (n+m)

n=1m=1 n+m

Prove that

p .
22( )51n1’ 12— 8+ — Z<’i’)y,-1nl”2

i=0

In?t12 P n
+ —p{2) (—1)P"——+(=1)" |,
P P < E,( ) ] (=1) )

where the last sum is missing when p = 0.

3.99. Find the sum

n=lm=1
3.100. Find the sum
3 ¥ (-,
n=1m=1 n+m
3.101. Prove that
i H,H, In?2
D 2(—1)“’"“’;111:— 5 —In2+1.

3.102. Let k > 1 be an integer. Evaluate, in closed form, the series

i (_1)n1+---+nk Hy Hy, - - Hyy )
np+ny+--+n+1

nl,...,nk:l
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3.105. A logarithmic series. Let kK > 1 be an integer. Calculate

(—1)”1+n2+'“+nk 111(111 +ny+-- +nk) .
1 ny+ny+ -+ ny

M s
M s

ni=1
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3.107. Calculate

pSIRICH (SRS R
n=1m=1

1
n+m+1_n—|—m+2_m_—>'

3.108. Let p and p;, i = 1,...,n, be positive real numbers. Prove that

Z 1

< oo
kiyeoosn=1 (kf' + k4 +k)1;n)[’

3.109. Let k > 2 be an integer and let —1 < a < 1 be a real number. Calculate
the sum

=

at gty

ny,...,n=1 nptnyt g

3.110. Leta;,i=1,...,k,be distinct real numbers such that —1 < a; < 1. Calculate
the sum

=

ny np N
al az ...ak
=1 T T2 Ay

3.111. Letk > 1 and let p > 0 be two integers. Find the sum

spy= 1

mp,...,mp=1

mymy - --my(my +my+---+m+p)’

3.112. A factorial sum that equals 1. Prove that

3.113. Find the sum

3.114. Prove that
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3.116. Let a and b be real numbers. Calculate
o oo n o o oo m
a'b and

3.117. Find the sum

a'b™.

n-m
el (n+m+p)!
3.118. Prove that

i n-m-p 31

gt (n+m+p)! 120

3.119. Letk > 1 be an integer. Prove that

oo 1 kel ekfl (_1)j_
Z n1~|—n2-|-..._|_nk)!_( 1) (z 7l 1).

ny,...ng=1 (

3.120. Let k and i be integers such that 1 < i < k. Prove that

n; e
_(mitna+ 4 m)! k!

3.121. Let p > 3 be a real number. Find the value of

DT

n:lm:1 n+m

The Stirling numbers of the first kind, s(n,k), are the special numbers
defined by the generating function

2(z—1)(z=2)---(z—n+1)= ank

For recurrence relations as well as interesting properties satisfied by these
numbers, the reader is referred to [98, p. 624] and [122, p. 56].
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3.122. (a) Letk be a fixed positive integer and let m > k. Then,

e 1
2 (n1+ny+ -+ ng)"

ny,...,np=1

1 & . . 1 1
= (k_l)!gis(k,l) <C(m+1—z)—1—w—---—m>,

where the parentheses contain only the term §(m+ 1 —i) when k = 1.
(b) Letk and i be fixed integers such that 1 <i <k, and let m be such thatm —k > 1.
Then,

=

n;
) (n1+no+ -+ ng)"
1. , 1 1
:E;s(kal)(C(m_l)_l_W ———— m>7
where the parentheses contain only the term {(m — i) when k = 1.
3.123. A binomial series.

(a) Let k> 1 be an integer and let m > 2k be a real number. Prove that

oo

nng - ng RS ( 2k—1 )
2 (n1+n2++nk)m_2(n+k)m

ny,...np=1

(b) Prove that if m > 4, then

=

niny

= & (Em=3) = Lm=1).

}’Ll:l l‘l2:1

Itis a problem of Wolstenholme' to prove that, if k € N, the series Sy =Y, nk /n!
equals an integral multiple of e, i.e., Sy = Bie [20, p. 197]. The integer By, is known in
the mathematical literature as the kth Bell number [29], [98, p. 623] and the equality
Sy = Bye is known as Dobinski’s formula [35]. For example, By =1, B, =2,B3 =35,
B4 =15, Bs = 52. One can prove that the sequence (By)ien verifies the recurrence
relation

k—1
k—1
Bk—z< i )Bj—l—l.

J=1

!Joseph Wolstenhome (1829-1891) was an English mathematician and the author of Mathematical
problems.
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3.124. Let m and k be positive integers. Prove that

> n+nm+---+n m 1 k ) k—1 _m+i—1
3 (n1+ny k)' _ ' 3 s(koi)  Busine— 3 p ' 7
i (nl a4 —|—nk). (k— 1). = - P

where the parentheses contain only the term B, ;_je when k = 1.

3.125. A double series giving Gamma. Prove that

3.126. Calculate

3.127. Calculate
{(2n+2m)—1)

PR

3.128. Let k > 2 be an integer and let Sy be the series defined by

< C(”l‘f'""f‘”k)_l'

Sp =
n1+...+nk

npyeong=1

Prove that
(a) If I > 2, then

S = C(22ll—_11) - C(zzll—_zz) e @”‘
(b) If1 > 1, then
SRR (< S WU {C
3.129. Prove that
i i "1+"2(”1+—”2)_1:§_1n2_},'

ny+ny 2
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3.130. Let k > 3 be an integer and let Ay be the series defined by

< o) — 1
A, = -1 ny+ +nkC(nl )
=2 (=D nyt+e g

ny ,...,Vlk:l
Prove that (—1)**1A; equals

G- 15 ((k=2)—1-55 (@) -1-% 3
p + =) +ot 3 +y+In2-3.

3.131. Two multiple zeta series. Let k > 2 be an integer. Calculate the sums

and

(b) If £ > 2 is an integer, prove that

=

2 (mtmt e Am—E(2)={3) = C(mAmt-4m))

ny,..ng=1

= C(k+1).

3.133. Letk > 2 be an integer, let j be such that 0 < j <k, and let T; be the series
::1,---,”1{:1 Ay, with
ny oy =Miny 0y (mtnat o +m—8(2)=L(3) = - =L(mtmat - +ni))
where the product ny - --n; is missing when j = 0. Prove that

J

1= 3 (F)etrei-m.

m=0
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3.7 Open Problems

In mathematics the art of proposing a question must be held of
higher value than solving it.

Georg Ferdinand Cantor (1845-1918)

3.134. Let k > 3 be an integer. Calculate

i (_1)n1+n2+---+nk Hnl+n2+"'+”k
nl . n2 DY nk '

3.135. Let k > 2 be an integer. Evaluate, in closed form, the multiple series

i (_1)n1+---+nk Hy, - Hy, )
nyo=1 nlnz---nk(nl—l—nz—i—---—i-nk)

3.136. Let k > 3 be an integer. Calculate, in closed form, the series

2 (_1)n1+n2+»-.+nk (Hn1+n2+~~+nk _ 1n(n1 +ry+--- +nk) _ Y) .

ny,...,np=1

3.137. Does the sum equal a rational multiple of ¢? Let k > 4 be an integer.
Calculate the sum

niny - --ny
(m+n+-+m)!

n 1,...,nk:1
A conjecture. It is reasonable to conjecture that

=

niny - - Ny
n+ny+-+nyg)!

= age,
ny,...,ng=1 (

where a; is a rational number. We observe that a; = 1, ap =2/3, and a3 =
31/120 (see Problems 3.114 and 3.118). If the conjecture holds true, an open
problem would be to study the properties of the sequence (ay)en-
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3.8 Hints

It is not once nor twice but times without number that the same
ideas make their appearance in the world.

Aristotle (384-322 BC)

3.8.1 Single Series

Mathematics is an art, and as an art chooses beauty and
freedom.

Marston Morse (1892-1977)

3.2. Use the formula sinx = (™ — ¢~) /2i and the Binomial Theorem.
3.3. Use the inequality 1 —e'/*41/(x — 1) > 0 which holds for x > 1.
3.4. Apply the AM—GM inequality to the product [T;_, cos’k.

3.5. Apply Raabe’s test for series.

3.6.|cos1cos?2---cos"n| <|coslcos2---cosn| and use Problem 3.4.
3.7. Write 37 (1/n— f(n)) = 331 (Zok-1 ek (1/n— f(n))) -

3.8.Let S, = Zk ! 1/k(k+ )" and prove that S, = S,_; — ({(n) — 1) by using the
formula

1
k(&1 k(k+1) (k+1)”'
1 1
3.9. Use the formula (k+l) =TT e

1 1 _ 1
(k+1) (k+n) — n (k(k+1)---(k+n—1) (k+1)---(k+n)) :

3.12. Calculate the nth partial sum of the series.

3.10. Use that

3.13. Use partial fractions and prove that

anfl 7 1 Clio n—1 (_l)mx(xm
(0‘+P)(206+P)"-(n05+p)_/0 o (Z m!(n—l—m)!)dx'

m=0

3.14. Use Abel’s summation formula (A.2).

3.15. Usethat 1/(n+1)—1/(n+2)+1/(n+3) —---= [ x" /(1 +x)dx.

3.16. Write 1 —1/2+1/3+ -+ (=1)"""/n =[5 (1 = (=x)") /(1 +x)dx.

3.17. Calculate the 2nth partial sum of the series.

3.18. Calculate the nth partial sum of the series by Abel’s summation formula (A.1).
3.19. Calculate directly the nth partial sum of the series.

3.20. Use Abel’s summation formula (A.2).
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3.23.and 3.24. Use that § (k) — 1 = 35, 1 /mk.
3.25. Use that {(2k) — 1 = ¥°_, 1 /m** and change the order of summation.

3.26.and 3.27. Use that 37 | 1 /k(k+1)"=n—{(2)—{(3)—---— {(n) and change
the order of summation.

3.28. Use Abel’s summation formula (A.2) and the power series

&1 1
In(1+x)In(l —x) =Y - <Hn—H2,,— %> <l

n=1

3.29. Use that 1/(n+1)—1/(n+2)+1/(n+3) —---= [ x" /(1 +x)dx.

3.8.2 Alternating Series

The profound study of nature is the most fertile source of
mathematical discoveries.

Joseph Fourier (1768-1830)

3.30. Sum the terms of the series according to the cases when n = k” and k¥ < n <
(k+1)P.
3.31.Usethat -t = 1 (& — ———).
n!(n+k) k\n!  (n—1)!(nt+k)
3.33. Use Abel’s summation formula (A.2).

3.34. and 3.35. Calculate the nth partial sum of the series by using Abel’s summation
formula (A.1).

3.37. Calculate the 2nth partial sum of the series by using both Stirling’s formula
and the limit definition of the Glaisher—Kinkelin constant.

3.38. Calculate the 2nth partial sum of the series and use the Glaisher product
o L1/ 12 n*/6

M k7% = (A?/(2me")) :

341 Usethat 1 —1/241/3 — -+ (=1 Yn= [ (1 = (=x)") /(1 +x)dx.

3.42. Use Abel’s summation formula (A.2).

3.43. Calculate the 2nth partial sum of the series and use the definition of the
Glaisher—Kinkelin constant.

3.45. Use that Y57, (—1)F 1 /(n+k) = [ x" /(1 + x)dx.
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3.8.3 Alternating Products

We are servants rather than masters in mathematics.

Charles Hermite (1822-1901)

3.46. and 3.47. Apply the logarithm to the product and sum the terms according to
the cases when n = kP and k” <n < (k+1)P.

3.48. and 3.49. Use Euler’s infinite product formula for the sine function sinmz =
mz[T;, (1—2*/n*) forz € C.

3.50. (b) Apply the logarithm to the product, calculate the 2nth partial sum of the
series, and use the infinite product formula for the sine function.

3.51. (b) Calculate the 2nth partial sum of the logarithmic series and use Weierstrass
product for the Gamma function 1/T'(z) = ze"* 15, (1 +z/k) e “/*.

3.52. Take the logarithm of the product and calculate directly the nth partial sum of
the logarithmic series.

3.53. Transform the product into a series and use Abel’s summation formula (A.2).

3.8.4 Harmonic Series

In mathematics you don’t understand things. You just get used to
them.

John von Neumann (1903-1957)

3.54. Prove the identity by induction on m.
3.55. —3.58. Use that [y x*In(1 —x)dx = —H,1/(n+1).

1 _1 1 _ 1
n(n+1)-(nt+k) — k (n(n+1)---(n+k71) (n+1)---(n+k)) :

1 _ 1 1 1
3.60. Use that D(fFm — n (k(kJrl),_,(kJrn,l) - (k+1)---(k+n)) :

3.59. Use that

3.61. Denote the series by V,, and prove that V,, = %Vn, 11— %an, where a, = Y7,
Hy/k(k+1)(k+2)---(k+n).

3.62. Calculate the sum by using the logarithmic integrals jol X'n(1 —x)dx= —H,11
/(n+1)and [§ y* Mnydy = —1/k%

3.64. Use Abel’s summation formula (A.1).

3.70. Use the integral f; ¥*In(1 —x)dx = —H,1/(n+1).
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3.8.5 Series of Functions

All intelligent thoughts have already been thought; what is
necessary is only to try to think them again.

Johann Wolfgang von Goethe (1749-1823)

3.74. and 3.75. Observe that 1 +x+---+x" = (1 —x"*1) /(1 —x).
3.76. Use that 37_, x* /k—1In1/(1 —x) = — [ " /(1 —t)dt.
3.77. Calculate the inner sum.

3.78. Calculate directly the 2nth partial sum of the series.

379.n1/(1—x) —x—x*/2— - —x"/n=35_ X"/ (k+n)= [§1"/(1 —1)dt.
3.80. Use the formulaeIn1/(1 —x) —x—x*/2 —---—x"/n= Y7 ¥**" /(k+n) and
1/(1=x)=1—x—-=x" =37 xPH,

3.81. Consider the series T (x) = Yo, e™ /n(n+1)(n+2)---(n+k) and prove it
satisfies the recurrence Ty (x) = (1 — e ™)1 (x) /k+ 1 /k - k!.

3.83. Use the hint of Problem 3.80.
3.84. Calculate the nth partial sum of the series by Abel’s summation formula.

3.85. and 3.86. Prove that the sum of the series, viewed as a function of x, verifies a
linear differential equation.

3.87. Calculate the nth partial sum of the series by Abel’s summation formula.

3.89. and 3.90. Show that the sum of the series, viewed as a function of x, verifies a
linear differential equation.

3.92. Calculate the nth partial sum of the series by Abel’s summation formula.

3.8.6 Multiple Series

The art of discovering the causes of phenomena, or true
hypothesis, is like the art of deciphering, in which an ingenious
conjecture greatly shortens the road.

Gottfried Wilhelm Leibniz (1646-1716)

3.95. Evaluate the series by adding over the intervals k> <n+m < (k+ 1)2.

3.99. Use that [y x*'In(1 — x)dx = —H /k.
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3.100.—3.102. Use the power series —In(1+x)/(1 +x) = X5 ;(—1)"H,x" for
—1 < x < 1 combined with [y x*"'dx = 1/k.

3.106. First, apply Abel’s summation formula (A.2) to prove that the infinite
series Ypr_; (—1)™ ( - —In(n+m) — 7) equals the logarithmic series
=3 (In(n+2m)—In(n+2m—1) —1/(n+2m)). Second, calculate the double
sum Y, (=1)"Yr_; (In(n+2m) —In(n+2m—1) — 1/(n+2m)) by applying one
more time Abel’s summation formula (A.2).

3.107. Show, by using Abel’s summation formula, that

Sy (mam— Lt L1 _/1ﬂ
o] n+m+1 n+m+2 2n+m))  Jo 1+x+x24+x3
3.108. The series behaves the same like the integral [;”--- [;° m

X

3.109. Write the general term of the sum as an integral.

3.110. Use that 1/(ng +---+ng) = o X174y,

3.111. Use that [y ¥+ tmtr=1dx = 1/(my + - -+ my + p).
3.112. Sum the series by diagonals.

3.113.—3.115. Use that fol (1 —x)"ldx=n!(m—1)!/(n+m)!.
3.116. Differentiate the first series from Problem 3.115.

3.117. Observe that Joh (1 — x)P .

nm _
(n+m+p)! — (n+m '(p 1)!
3.118. Observe that © +m+p) = (Hm 'jo K1 (1 —x)P~ dx.

3.119., 3.122. and 3.124. The series can be calculated by using that

2 Any+ny+-4n = Z ( Z aﬂ1+n2+---+nk> .

ny,ng,....np=1 Jj=k \n1+ny+--+n=j

3.120. and 3.121. Use symmetry and the hint from Problem 3.119.
3.123. Use that 1 /a™ = 1/T'(m) [5"e~“t"™~1dt combined with the power series

1 & T(n+A)
(1—x)* Z nT(A) x,

n=0

—l<x<l1, A>0.

3.125. Use that 37,1 @ntm = Yo (Znm—k Gnim) -

3.126. Use symmetry and Problem 3.125.

3.127. Use symmetry and the hint of Problem 3.125.

3.128.,3.130. and 3.131. Observe that {(ny +---+m) — 1 =27, 1/p"++,
3.132.and 3.133. Use thatn — { (2) = {(3) — - = {(n) = X5 1 /k(k+ 1),
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3.9 Solutions

If I am given a formula, and I am ignorant of its meaning, it
cannot teach me anything, but if I already know it what does the
Sformula teach me?

Blessed Augustine (354-430)

This section contains the solutions of the problems from Chap. 3.

3.9.1 Single Series

I recognize the lion by his paw. (After reading an anonymous
solution to a problem that he realized was Newton’s solution)

Jakob Bernoulli (1654-1705)

3.1. The solution of the problem and other properties concerning the fractional part
of special real numbers are discussed by M. Th. Rassias in [107, Sect. 5, p. 12].

3.2. Using the Binomial Theorem we have, since sin(km/n) = % (ek’”/” - e’k”"/”),
that

sin” (kz /n) = (ekm‘/n _ e—km/n) "

_ ;)n (efkm'/n (ezmi/n _ 1))n
1

= )* (eka‘/n_ 1)"

(20)"
-1 k n n )
_ ((21)1 ”Z‘O <m> ekam/n(_l)nfm'
It follows, since (—1)~" = (—1)™, that
n—1 n—1
N (=1)fsin"(kn/n) = Y (—1)Fsin” (kn/n)
k=1 k=0

(

o k:) <m20 () ”memnmm)

—1)" & n m o mkmi/n
- ((21'1)21 ,,,go (m)H) (kzoez k />
-1 & n o mi/n
“ar Zl)er gy e
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On the other hand, we have that

n_l Nk i = =
Z (eme/n) _Jn if m=0 or m=n, (3.2)
k=0 0 if m#0,n.
Combining (3.1) and (3.2), we get that
= k ion (_1)n 0 n
> (—1)*sin"(km/n) = (=1)°n+(=1)"n)

=0 (2i)"

It follows that

n—1 _1\n
Z(—l)ksin”(kn/n)_9{<( D ((_1)°n+(—1)"n)>

k=0 (20)"
=9t (5 n1+ (1)
1+ (=1)" nw
= on COS —

3.3. The series converges if o > 1 and diverges otherwise. See the comment on
Problem 1.80.

Remark. We mention that the case when o« = 1 is recorded as Problem 3.80 in [14].
Another interesting problem, which appears in Pélya and Szegdé [104, Problem 159,
p- 29], is about studying the convergence of the series

oo

2(2—80’) (2—6%) (2—6%) ,
n=1

where o is a positive real number.

3.4. We will be using the formula

__sinncos(n+1)

e N.
sin1 "

cos2+cos4+---+cos(2n)

Let x, = [I;_, cosk. We have, based on the Arithmetic Mean—Geometric Mean
Inequality, that

2< (Zzlcoszk)" B (n—l-zzlcos(Zk))"
2o (&=t T o (DSl TR

n 2n

1 (1 N sinncos(n+ 1))”

nsinl

sinl 4 sinncos(n+ 1))”.
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Let 0 < & < 1—sinl < sinl. Since lim,(sinncos(n+1))/n =0, there is N;
such that for all n > N, we have

sinncos(n+ 1)
— el ——<E&.
n

It follows that
. 1 n
0<(sinl—g)" < (sinl—i—%) < (eg+sinl)" <e+sinl < 1.
n

Thus, for all n > N, we have that

1

(2sin1)n/2’ 3-3)

0 < |coslcos2---cosn| <

and, hence,

B
" > N,.

Blcoslcos2---cosn|* < ——
"] S e "2

We have that 2sin1 > 1 and 37 nP (1/(2sin1)%/2)" converges, and the result
follows from the comparison theorem.

For an alternative solution of this problem, as well as comments, generalizations,
and remarks, see [66].

3.5. The series converges for x < 1/e and diverges forx € [1/e,1). Let
a, = xsin %Jrsin %+---+sin % )

: 1
A calculation shows that n (“Z—“ - 1) =n (xsmm - 1) , and hence

sin
. Ay . in L Loxel =1 .1
limn| 22 —1)=1limn (xsm w1 — 1) = lim —————— - lim nsin =Inx.
n—yoo an n—oo n—  gin =T n—yoo n+1

Thus, the series converges for x < 1/e and diverges when x > 1/e.
Now we study the case when x = 1/e. One can prove that the sequence

1 1 1
Yp=sin—+sin=+---+sin— —Inn
1 2 n

converges. Thus,

(1)sin{+sin%+---+sin}1 (1)sin}+sin;+---+sin;lnn 1 1
- = = o~ =

e e n n

)

and, hence, the series diverges.

3.6. Since |cos1cos?2---cos"n| < |coslcos2---cosn|, the result follows from
Problem 3.4 with B =0 and o = 1.
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3.7. We have
3 (5 -ro) Z( (3-sto )))
n=1 k=1 \2k-l<p<2k
=2 < piallipY f(n)>
k=1 \2k— l<n<2k 2k=l<p<2k
=y < y - —ln2>
k=1 \2k— l<n<2k
o 1 1
= — . —In2
,;1<2k1 2k1+1 BT n>
- ’Ya

where the last equality follows by calculating the nth partial sum of the series and
by using the limit definition of the Euler—Mascheroni constant.

3.8. We have that
> 1
SnZIZ,IWZ”—C(z)—C(f’)—"'—C(”)'

See the solution of Problem 1.31.
3.9. The series equals

n+1+2 n+jC

Let S, = Y5, 1/k"(k+1). We have, since
R
ki(k+1)  kn o k- l(k4+1)

that S, = {(n) — S,_1, and it follows that (—1)"S, = (=1)"¢(n) + (=1)""1S,_;.
Thus, S, = (—1)""' +31_,(—1)"*/{(}j), and the problem is solved.

Remark. We have, as a consequence of this problem, that

/OlLin(x)dx* ”+1+2 D™¢())

where Li, (z) denotes the Polylogarithm function.

3.10. Letxy = 377 zey-

m We have

1 ! 1 1
k(k+1)---(k+n) n <k(k+1)---(k+n—l) B (k+1)---(k+n))’
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and it follows that

Xn =

:I'—‘

(1 i)

k+1
kl=m 1 h 1 1
N n(xnl (ﬁ;lm(m—l—l)---(m—l—n—l) n'))
1

1
= (xn 1—Xp—1+ '>
n n

1

n-n!’

Remark. This problem is due to Andreoli (see [5]).

3.11. A solution, which is based on summing the first n terms of the series, is given
in [108, Problem 2.2.4, p. 69]. Another approach would be to express the general
term of the series in the form [y x2/(4n® — x?)dx (see [20, Problem 1, p. 526]).

3.12. The series equals 2y+ 1 /2 —In(2x). Let S, be the nth partial sum of the series.
A calculation shows that

n

Su=, ((k— 1)21nkzk—2—g>

P —1 k+1

:22 k—1)*Ink— 2 —1)
k=2

N k— 1) vy (12
k;z(k 1)*In(k+1) kzz(l k+1>

We change the limits of summation in the second and the third sum, and we get that

U |
Sn_—2lnn!+(n2+2)lnn—(n—1)21n(n—|—1)—n—|—1—|—2< m—lnn).

Using Stirling’s formula, Inn! = (1/2)In(27) + (n+ 1/2)Inn —n+ O(1/n), we

get that
+n|+1+4+2 Z——lnn +0 1
+1 S k+1

Since lim,_,e ((n— 1)? lnm +n) = 5/2, one has that lim, .S, = 2y+1/2 —
In(2r).

S, =—In(27) + ((n — 1)21n

3.13. Using partial fractions we get that

ot AL A A
(0+p)2a+p)---(na+p) o+p 2a+p no+p’
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where A, = % Thus,

ol 1 _i (_
(a+p)Ro+p)---(noe+p) & (k—1)1(n—k)!(ka+ p)

It follows that

o anfl 7 o n—1 ( l)mx(xm
; (a+p)2o+p)-- (noc—i—p)_/oxp " Z<zm'n—1—m)!>dx'

m=0

We prove that

2 (2 (_U—m)ﬂ’ny> =e-e. (3.4)

Multiplying these two power series we obtain that

ro—x% o (e —1)"x" n—
=2<2m>f )

m=0

and we get, for = 1, that (3.4) holds. This completes the proof. The second part of
the problem is solved similarly.
An alternative solution is given in [10].

3.14. The sum equals In? 2/2. We need the following power series expansion [16,
Entry (5.2.9), p. 76]:

ln
ZH,,Z .z < 1, (3.5)
l—z

Let S be the value of the series. Using Abel’s summation formula (A.2), with

1 11 (—1)kt
= — d b :1—— _— ...
ay r an k 2—|—3 +--+ A

—1In2,
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we get that
) 1 1 (_1)n i (_1)k+l
S=lmH, (l—=+=+"- —1n2
s ( 2 T3t n>+kzl k+1
< (1 k+1
:Z(k)l Hk7
=1 K+

since

. 1 (1)
IimH, |1l —=+=-+--- —In2 ) =0.
ngIolo n< 2+3+ +I’l+1 1’1)

Integrating (3.5) we get that

In%(

1—z -
2 n—|—1 <,

and, when z = —1, one has that In?2/2 = 3>, (—1)"*'H,/(n +1).
3.15. We have

! — ! . 7/ xn+1+xn+2_...)dx:/1 X dx
n+1 n—i—2 n+3 o 14+x

It follows that

- 1 1 1 g
= n+1 Cn+2  n+3 = 1n 0 1+x o I+x\ &= n

__/1 ln(l—x)dxlfi:y_/l Iny d
Jo 14x B Jo 2—y Y

B /1 1n(y/2)—|—ln2
0 2—y

Un(y/2) 2
— | —Zdy—1In“2
0o 2—y Y

32t _/1/2 2o
0

1—1¢
1
__./1/2
1 1/2 _
:_(/ —/ )—1 (1 t)dt—ln22
Jo 0 1

= Liy(1) — Lip(1/2) — In?2
=1/2(¢(2) - In*2).

Q..

In(1—¢
(=0 4, 120
t
n
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3.16. See the solution of Problem 3.41.
3.17. The sum equals yIn2 — %1n2 2. Let

3 A Bouquet of Series

2n k—1
11 (-1) k+1
Sh, = -4+ —... —In2 ) -ln——
2 kzl( 5+3 +— n) n——,
be the 2nth partial sum of the series. A calculation shows that
s %( ek oLl L) n(2n 4 1) = 2 1n(2n + 1)
— [— —_— [ —_—— e — — n — . n
A k 23 2n
" In(2k) 2% Ink
zzkg1 gk)—1227+(H2,,—Hn)ln(2n+1)—1n2-1n(2n+1)
" Ink 2 Ink
zlnz-Hn+27—27+(H2,,—1n(2n)—y)1n(2n+1)
k=1 k=2

+ (Inn+7y—H,)In(2n+1)

" Ink In’n
:1n2(Hn—lnn)+ln21nn+<kzzT_ 5

Z 2 2

k=2

2 Ink In’(2n)\ 1n%(2n)
_ —- _

2

In“n

2

+ (Hyp —In(2n) — y)In(2n+ 1)+ (Inn+y— H,) In(2n+ 1)

" Ink In’n 2 Ink  In®(2n)
=1n2(H, —Inn)+ (I;ZT_T> — (2 —

k=2

+ (Hop—In(2n) —y)In(2n+ 1)+ (Inn+y—H,) In(2n+1) — % In®2.

Recall that the Stieltjes constant ; is defined by the limit

= lim
Y1 n—yo0

=k 2
Also, in [134] the following inequalities are proved:

1
2(n+1) =k

(” Ink In’n

U 1
<y—z—+ln(n+l)<ﬂ, neN,
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from which it follows that

lim (Hp, —In(2n) —y)In(2n+1)=0 and 1En (Inn+y—H,)In(2n+1) =0.
Nn—soo0

n—seo

T'his implies that
lim S, = yIn2 11n22: In2 11 )
am 5, = Yin +71—71—§ yins =S e

3.18. The series equals {(p — 1) — {(p). Let S be the value of the series and let S,
denote the nth partial sum of the series. An application of Abel’s summation formula

(A1), withay = land by = §(p) — 1 — g — -+ — &, shows that
d 1 1
Sn:kg,l <C(l’)—1—2—p—"'—k—p>
1 1 2 k
= —l—=— = —_— . 3.6
(C0- 15 ) e 09
Using Stolz—Cesaro lemma (the 0/0 case), we obtain that
i 1 1 1 i C(p)_l_zlp_"'_(_,ﬁll)p
nglolon C( >_ _2_1’_”'_(}14—1)17 _ngrolo %
_ im n(n+1)
Nn—yoo (n+2)l’
=0.

Letting n — oo in (3.6), and using the preceding limit, we get that

§ k+1 § k+1 § k+1 == =clp).

For an alternative solution one can use the definition of the Riemann zeta function
and part (a) of Problem 3.122.

3.19. The series equals ({(p—2) — (p—1))/2. Let S be the value of the series and
let S, denote the nth partial sum of the series. Direct calculations show that

k=1
_n(n+1) L (nn+1) (k—1k\ 1
_ ot am—;( =L

n(n+1 21 1 & k—1
_ (2+ )<C(p)_,;1k7>+5/<21 — (3.7)
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On the other hand,
L | o 1 > dx 1
0<r-Y 5= 3 5= G e

and hence, for p > 3, one has that

lim ”(”; D <c<p> -y k—i) =0,

n—yo0

l\)l>—*

3 Ze

For an alternative solution one can use the definition of the Riemann zeta function
and part (b) of Problem 3.122.

3.20. We apply Abel’s summation formula (A.2) and we get that

since Y= H,/n> = 2{(3) (see Problem 3.55).

Remark. More generally, one can prove that if £k > 2 is an integer, then

v

n=1"

11 1 1 1 N
(8= =g =5 ) = U+ 1= 3 Ck=EG+1).

where the second sum is missing when k = 2.
In particular, when k£ = 3, we have that

3.21. We have, since fj x*~ ' Inxdx = —1/42, that
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o 1 1 1 o 1 - |1
nzl;(az)—p—---—n—z)—Z;(kZ k—2>

B _/1 lnxLiz(x)dx
0

1—x

3
=20),

the last integral being recorded in [44, Table 5, p. 1436].

An alternative solution is based on an application of Abel’s summation formula
in which case the series reduces to a special Euler sum that can be calculated by
integrals involving polylogarithmic functions [44].

3.22. We have, by Abel’s summation formula (A.2), that

We have, based on Problem 3.20, that

= ] 1 1 = ] 1 1
Zflnﬂ(C(Z)_ﬁ_"'_nT)_,;lnH(C(Z)_?_"'_(nH)Z)
=1
+n§‘1(n+1)3
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On the other hand, a calculation similar to the one in the solution of Problem
3.21 shows that

1 1 1 I Inx .
(n+1)? (c(z)_ﬁ ____ ;) = _/O m(le(x)—X)dx

oo

)

n=1

since [y Inx/(1 —x)dx = —{(2) and
"nxLip(x) .~ 'naLip(x) .~ 3
/0 x de=—c(4), /() l1—x dr= 4C(4)'

Putting all these together we get that the sum is calculated and the problem is
solved.

3.23. The series equals 3/2 — y/2 — In(27) /2. We have

—I—l In Inn! +1 ! il In
n+— n—Inn!—n —— ——1Inn|.
2 2 m:2m
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Using Stirling’s formula, Inn! = (1/2)In(27) + (n+ 1/2)Inn —n+ O(1/n), we

get that
In(27) 1{& 1 1
=- 1—= E——l -0\ -
S > + > <m2m nn) 0 <n> ,

and it follows that lim, .. S, = 3/2 — y/2 —In(27) /2.

3.24. We have
i{(k)—lz‘” 1 <i<l>k>
= k+2 k2 \ 2 \m
5 (50
m2 \imp k+2 \m
oo oo 1 1 k+2>
SN0
m
m=2 i k42 \m
=, mo 11 1
p— 1——_—__
mz‘zm< m—1 m 2m? 3m3>

Let S, denote the nth partial sum of the series. A calculation shows that

" 2 S T
So=S (o
" gz (nk—l k282 3k3>

n+2n-3 1
7_52

k=2

n
=(n+1)*Inn—Inn! -2y klnk—
k=2

LetA, = p2n/2=1/12  pn? /4 I, kX. We have
n 1 l’l2
2N klnk =2InA, + (n2+n+—)1nn——.
P 6 2

Using Stirling’s formula, Inn! = (1/2)In(27) + (n+1/2)Inn —n+ O(1/n), we get

that
_ In(27) 31 (&1 1
Sn=——3 —21nAn+§—§<ZE—lnn>—0<;),

k=2
and this implies that lim,_, S, = 11/6 — 2InA — y/3 — In(27) /2.
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3.25. The series equals 3/2 — Inz. We have

2 L(2k)—1 ;(;2@)2]()

m k=1
oo 2
— 2 m 1
= Z m (ln 2 1 — ﬁ)
m=2

n 2
_ 2 m 1
o= 30 (m 2 )

= 2Inn!'+ (n+1)%Inn—n’In(n+1) —n+m2+1.
Using Stirling’s formula, Inn! = (1/2)In(27) 4+ (n+ 1/2)Inn —n+ O(1/n), one

has that
" +n—0 <1> .
1 n

S,=—Inmw+1 +n’In
n+
A calculation shows that lim,..(n?In(n/(n+ 1)) +n) = 1/2, and this implies that
limy, e S, =3/2 —Inm.

Remark. Tt is worth mentioning that an excellent book which contains a systematic
collection of various families of series associated with the Riemann and Hurwitz
zeta functions is [122].

3.26. (a) We have, based on Problem 3.8, that
Y () L)~ L),
= k(k+ 1)

Clearly S, > 0 and hence n— §(2) — {(3) —--- — {(n) > 0. On the other hand, we
have, based on Bernoulli’s inequality, that (1 + k)" > 1+ kn, and it follows that

hd 1 1
<y - _ 2
0<S"—,Z'1k(1+kn) y+w(1+n),

where Y denotes the Digamma function. Letting n — oo, we obtain, since y(1) =
—7, that lim,, .. S, = 0, and the first part of the problem is solved.
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(b) The series equals {(2) + £(3) — 1. We need the following series formula:

We used the following two series formulae:

,g (k—l—ll)kz =¢@2)-1 and lgm ={(3)-¢2)+1,

which can be proved by direct calculations.
Similarly, one can prove that

2
3100 = £2) = 53 == L) = g -

3.27. Clearly when a = 0, there is nothing to prove, so we consider the case when
a # 0. We have

I
Q
[\S}
Nk
-

S k(k+1)(k+1—a)
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We distinguish here two cases.

Case a = 1. We have, based on the preceding calculations, that
& 1

’Z,z(n—é@)—é(-%)—”'—@(n)):%m25(2)—1-

Case a # 1. We have

= ; k(k+1)( k+1—a)

> 1
:“2,; <k(k—|—l—a) (k+1)(k+1—a)>

k—|—1—a k—|—1)>

= 1 (1 = 1 R
_ 2 — _ P
- <]§‘11—a<k k+1—a) kZ‘la<k+1—a " k+1)>

This formula agrees even with the case when a = 1, since

1ima<"’(2_—a)”— 1) — () —1=((2)—1.

a—1 1—a

3.28. Using Abel’s summation formula (A.2), with a, = 1 and

b In2 ! ! Ly (In2 — Hy,, + Hy)
" +1 n+2 2n 2n
we get that
S_i 1112——1 ——1 — _i 2—1imn(1n2—H +H )2
_”:1 n+l n+2 2n)  noe 2n+2 n+1

oo

+ Y, n((In2 = Hyy + Hy)* = (In2 — Hypyo 4 Hyy1)?)

n=1
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= 1 1 1
2In2 — 2H,, + 2H,
§ (2n+1 2n—|—2)( 8 ity 2n—|—1>

oo 2
1 1 1

2 In2 — Hyp+ Hy) — LI

Z (2n—|—1 2n+2)(n 20t H) nzln(2n+1 2n+2>’

since limy_yoont (IN2 — Hypy 1 + H,,Jrl)2 =0. Now,

5 1 1 1 1
n - = -
2n+1 2n+2 n+1 2n+1

and
i 1\’ 32 sz?
“ 2n+1 m+42) 2 48
Thus,
o (1 1 3In2  5x?
S= — In2 — Ha, + H,) — - 3.8
”Z‘l<n+1 2n+1>(n e T 38)

Next, we need the following series [62, Formula 1.516 (3), p. 52]:

=1 1
In(1+x)In(1 —x 2-(11,1—112,,—5);8", ¥ < 1.

n

It follows, by differentiation, that

In(1—-x) In(l+x) In(l-x°) N (2In2)x

=23 (H,— Hpy +1In2)x*" .
=1

I+x  1—x x 1—x2
This implies that
Ly /In(1—x) In(14+x) In(1-x*) (2In2)x & Hy— Hap+1n2
[ ) (=) = 3 ta=tin o2
0 1+x 1—x x 1—x2 = n+1
and
/1x In(1-x) In(1+x) 1n(1—x2)+(21n2 iH — Hp,+1n2
0 2\ I+x 1—x x 1—x2 ] 2n+1 '
Hence,

/01 (xz B %) <1n§1+—xx) 3 ln§1_+xx) B ln(lx—xz) N (?lililx) dy

- 1 1
- (n+1—2n+1>(H,,—H2n+ln2). (3.9)
n=1
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A calculation shows that

(xz_ f) (ln(l —x) In(l+x) In(1-x%) N (2ln2)x)

2 1+x 1—x X 1—x2
(] (2In2)x* In(1—-x) In(1+x)
N 2 1 —x2 1+x 1—x /)’

We have, by Maple calculations, that

/o1 (x— 1) <(21n2)x2 _In{t=x) _In(1 +X)> Ge= 122 42m2- %

2 1—x2 1+x 1—x 12
(3.10)
Combining (3.8)—~(3.10) we get that S = 72/48 + (In2)/2 — In>2.
Remark. Since In2 — ﬁ - ﬁ ----- s =0(1/n), itis reasonable to expect that
the value of the series can be expressed in terms of §(2).
3.29. We have
nj—l _nj-2+nj-3 _...:/01 (x"_x"+1+x”+2_...)dx:/01 lx—:xdx'

It follows tha
5 () - E () (L 5)
- /01 ./01 m @0(@)”) dxdy
s T
- aa) e
[ o (e

_ ((1 —x)In(l-x) In(l+x) 12 )

1

2(1+x) 2 1+x

0
=1In2.
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3.9.2 Alternating Series

I have tried to avoid long numerical computations, thereby
following Riemann’s postulate that proofs should be given
through ideas and not voluminous computations.

David Hilbert (1862-1943)

3.30. The series equals —In2. First we note that for all k € N, one has that
(k+1)? —k? —1=0 (mod2).

It follows, since there are (k+ 1)? —kP — 1 integers in the interval (k”,(k+ 1)7),
that

Y (-1"=o.

kP <n<(k+1)P

Also, we note that (—1)¥" = (—1)k. We have

= —In2.

For an alternative solution see [64].

3.31. The sum equals

(k—l)!(—é—é(%—i—%—i—---—i—ﬁ)-ﬁ-l—%)-

Let Sy =Y (—=1)"/(n!(n+k)). We have, since

n=1

1 1/1 1
nln+k) & (E‘ (n—l)!(n—l—k))’
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that
=1 LS i L e
S
SGORICE)
This implies that

Skt S 111 1

=D e kTR GED

and the result follows.

3.32. We need the following lemma.

Lemma 3.1. Let x be a positive real number. The following equality holds
d 1 1 X 1
—1)y1 =— — (—) —— .
i’gl( ) nn+x) x (l[/(x) v 2 x

Proof. We need the following product formula due to Weierstrass [7, Formula (2.8),
p. 16]:

e > ex/n

)=,
(x) x o 1+x/n

>0,

from which it follows, by logarithmic differentiation, that

R B

x S \n n+x

\
==
~
My
7N\
»I»—
\_/

[\)

25 ww)
& \2k 2k+x

[( ):21( =i
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Thus,

and the lemma is proved.

We have, based on Lemma 3.1, that

< _1\n—1 1 _ < _1\yn—1 1 _l l

ng‘l( 1) n—+x ng‘l( 1) (n—|—x n n)
NG V- P A U
_r; n ”g‘l( 1) (n n—|—x>
=In2—x S (— 1)1t
=1n2 Z'l( ) pr

:1n2—l//(x)—|—l[/(§) —l—%.

3.33. The series equals 7%/12 4+ 1n>2/2. Let S be the value of the series. Using
Abel’s summation formula (A.2), with a; = (—1)¥! /k and b = ¥5_, (—=1)77" /j,
we have that

(e )

g 1o )

g (- he e R
g (1o ) Bt
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2

:ln22—(S—1)+%—1

2
T

=In?2-85+ .
n + 6

3.34. The sum equals /8 —31n2 /4. Let

An application of Abel’s summation formula (A.1), with

1 1 1
= (— k — —_— e = JE—
ar=(—1)* and br=1n2 1 iz TR
shows that
Sp=((-1)+(=1)*+-+(=1)") (In2— ot 1
" n+2 n+3 2n+2
: 2 k 1

Passing to the limit, as » tends to infinity, in (3.11), we get that

o 1 i 1
imS,=— Y ————— =)
P ,Zl (2k+1)(2k+2) %(4l+3)(4l+4)
k=odd
- 1 1 'S (a2 as
= — T AT T T . = - - dx
120(41+3 4z+4> /ogg)(x * )
- /1 LA 32 7
o (I+x)(1+x2) 4 8

For an alternative solution see [80].

3.35. All series can be calculated by an application of Abel’s summation formula.
We include below, for the sake of completeness, the calculations of the second
series.

Let S be the sum of the series and let S, be its nth partial sum. We have

4 11 1 Ik vy
Sy = 2(—1)k(1+—+—+---+——————ln2).
= 35 2%—1 2 2
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An application of Abel’s summation formula (A.1), with
1
ar=(—1)" and by 1+3+5+ +2k—1 ) In2,

shows that

Sn—((—1)+(—1)2+~--+(—1>")<1+§+...+2n1+1_1n<n2+1); >

L n( ) In
+I§1((—1)+(—1)2+---+(—1)") <#_%€_2k;+1>

It follows that

M s

S =

(1) 4 (=12 4+ (=1)") (ln(n2+ 1 lnTn 1 )

1 In(2p+1) In(2p+2)
4p+3 2 2 '

I
—

n

Il
1t

Let T, be the nth partial sum of the preceding series. A calculation shows that

T i 1 In2p+1) In(2p+2)
" 4p+3 2 2

1
= z m+Eln(2n+2)'—(n+1)ln2—ln(n+1)

Using Stirling’s formula, Inn! = (1/2)In(27) 4+ (n+1/2) Inn —n+ O(1/n), one has
that

"1 nm (1) (1
T, = _— e 7 ol -
" 12‘04p+3 3 FE (n>

i 1 1 1n7r+1 L | n(n+1) | +0 1
= -+ —— —In(n - .
=0 4p+3 4p+4 4 4 p:Op—i—l n

It follows, since

d 1 1 31n2
2 (4p+ 3 4p+4) = j - % (see the solution of Problem 3.34),

that lim, e 7, = (In8) /4 — n/8 — (Inm) /4 + /4.

Remark. We mention that the first series is an old problem due to Hardy [20,
Problem 45, p. 277].
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3.36. Euler’s constant Y is defined by the series formula

=Y (l—ln":1>,

n=1 \"

and its alternating counterpart (this problem) is a series of Sondow [120].

3.37. Let Sy, denote the 2nth partial sum of the series. We have

Sn= S (1) (kl %—1)

k=1
2n 2n
=Y (—1)*kIn(k+1)— Y (= 1)*kInk
k=1 k=1
2n+1 2n
=Y (- k—1)Ink+ Y (= 1)* 'kInk
k=2 k=1

2n
=2nIn(2n+1)+ Y (=1)F ' (2k—1)Ink
k=2

=2nIn(2n+1) 22 "klnk—i—z )*Ink.
k=2

Using Stirling’s formula, Inn! = (1/2)In(27) + (n+ 1/2)Inn —n+ O(1/n), we
obtain that

2 22r(n)? 1 1 1
—1)*Ink =1 =_Inm+-Inn+0( -
/Z'z( Y¥Ink =1n =2 nz+shnn+ (n)

and

2n
S (—1)* 'kInk =2In2+3In3+ -+ 2nln(2n) 222k1n 2k)
k=2 =

=In (2233 . (2n)2n) —2n(n+1)In2—41n (2233 . ~n”)

2233 . (21/1)2” 2233 coenlt
n (2n) 2 tn+1/12-n2 R 221 12—/

1 1
+ (E —n) In2 — (n—i—Z) Inn.
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It follows that

S, = 2ln 230 (2m)™ 233
== (2n)2n*+nt1/120=n B nnn2/2+n/2+1/12€7n2/4
+ln2+lnn+ln 2n+1 2"+0 1

Thus, lim, e S2, = 1+ (In7) /2 — 61nA + (In2) /6.
Remark. The problem has an equivalent formulation as follows:

il (l (n+1>">“>” _ e.\/A%ﬁ-\ﬁ/?

n=1 \€ n

For an alternative solution see [127].

193

3.38. Calculate the 2nth partial sum of the series and use the Glaisher product [43,

p. 135]

2
Tk = (A—u> o
el 2meY
3.39. See [128].
3.40. This problem, which is due to Coftey, is solved in [27].
3.16. and 3.41. We prove that

- 1 1 1 —1 n—1 2 3
Z;(1—§+§—---+( n> )_%mz—@

n=1

and
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where Liy(z) denotes the Dilogarithm function defined, for |z| < 1, by

o ZIn(1 —1¢
Liz(z :2% /ydt.

We calculate the integral by parts, with

In(1+x) 1

) =@ ~Lia(=x), f) =" g = 1 gl)=In(1+x),

and we have that

! /1 lnz(l—i-x)dx
0 0

[ (@)~ L) dr = (62) ~ Lia( ) (1 9

14+x X
=@ L12<—1>>1n2—./01“‘2“+”dx
n’ c@)
—ZIHZ—T,
since
/1 n (1+x)dx— ¢B) and Liy(—1) —n—z.
0 X 12
Similarly,
> =l 11 1t
P
oo 1
<2 +L12( )) In(1 +x)
=1 0
+/1 In( 1—|—x)x (l—x)dx
o 58(3
IV I

/1 In(1+x)In(1 _x)dx: _58(3)
0 X 8
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3.42. We have, based on Abel’s summation formula (A.2), that

hnd 1 1 1 1
I adt—Inn—y—— ) = limn( Hyr —In(n+1) —y—
nz‘l< +2+ +n =y Zn) nﬂ”( w1 —In(e 1) =y 2(n+1))

since limy_yeort (Hpp1 —In(n+1) —y—1/(2n+2)) = 0. Let S, be the nth partial
sum of the series. A calculation shows that

1
Sp=nln(n+1)—1Inn! —n+ E(H"H —1),
and by Stirling’s formula, lim, .S, = (y+ 1 —In(27)) /2.

3.43. Let Sy, be the 2nth partial sum of the series. We have

2 1 1 1 1
Son= Y, (=) 'k I+5 4t —Ink—y— 5

k=1
2n 2n 2n 1 2n
=Y (—U)"kH = Y (D Tknk—y Y (- D) k-2 Y (- D)F!
k=1 k=1 k=1 25
2n 2n
=Y (—1)"kH = Y (- 1)* 'kInk +ny.
k=1 k=1

Let A, = n~""/2-1/2=1/12p7° /4 IT}_, k. A calculation shows (see the solution of
Problem 3.37) that

2n

1 1
Y (—=1)* 'kInk = —41nA, + InAy, — (n + —) Inn — (n — —> In2.
k=1 4 12

On the other hand,

22”(—1)“1(11 SR i b
= k—2 4 n D) 2n+1-

The preceding equality can be proved either by induction on n or by Abel’s
summation formula. It follows that
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1 1 1
Son = 5 + ZHn - (n—i— E) Hypp

1 1
+41InA,, —InAy, + <n—|— Z) Inn+ <n — —2> In2+ny

1 1 1
7In2 1 2n
- 12 +4lnA,,—lnA2n+(n+§) 1n2n—_|_1
Since
. 1 1 .
r}g{}o n+ 3 (Hypr1—In(2n+1)—y) = 3 (prove it!),

we get that lim,_,e. So, = —y/4—1/4431nA — (7In2)/12.

3.44. Let S be the value of the series and let y,, = (—1) 4 (—=1)>+--- 4 (—1)". We
have, based on Abel’s summation formula (A.2) with

2m1 m 1
am = (—1)" and bm—(ln2 2 27>

that

2m+2 1 m+1 1)

S:’rlligzoym<ln2— 2 +2
oo 2m1 ml 2m+21 m+11
+ > m (mz 2 27> (mz—z +2 )
i=1 i=1

4m— 21 2m11

=gl s 3y

m=1 i=1 i=1
/1 1 o 1 3
= — - 2In2-2Y - =
r;‘l<4m 4m—1>< n izz“mi+4m—1+4m>

1 & 1 1 R
=202 D =) T2 2 [(4m— 1 E) P2 71

m=1 i=2m
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+ 2 (lém 2m (4;—1)_ (4m1—1)2)

o 2 o0
b/ 1
22+ —— 420+ —- Y ———
(In2+ )r,§14m(4m—1fL Y mgl (m—1)2’
where
-5 (5 _L).“z’”l
= | \4m—=1 4m ) S i

One can check that

< 3In2 =& & 1 1
- = d ——=——=G.
2:‘ 4m—1) 4 g El(4m—1)2
It follows that

2
1
S:fln2+f—”——§1n22—§1n2+2c+§G. (3.12)

_i1_i21_1+1_1+i
S 2 \dm—1 4m)\&\4i—-3 4i—-2 4i—1 4i) 2m

1 1 i 1 n 1 1
4m—1  4m = 41 S 4i—2  Ai—1 4

where

7i 1 - 1 I 1 _l i 1 _L
T & \4i-3 4i-2 41 4i) Z\dm—1 4m)|
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Let

i <x4m1 x4m>
= \4m—1  4m '

= (1 1 o
D = — - —
® l; (4;’-3 42 w1 4i>

It follows that

(1 1 1 1 a2
D'(x) = - ——
() ;(41'—3 42 w1 4i> [

and this implies that (1 +x+x7+ x3) D'(x) is equal to

oo

X X 1 rx . 1 ..
S (x/ t4’74dt—/ t4‘*3dt+—/ t4“2dt——2/ t4’1dt)
=\ 0 x Jo x2 Jo

| X 1 72 1~
—x | ——di— di4- [ - [ &
x/o 11— /o At =AY T2, 1A

xln 1 —|—x+ X arctan 1 In 14+x2 1 N 14+x arctanx
bl il X—— _ _
4 1—x 2 4 7 1—-x2 4x 1—x 2x

1 4
+@ln(1—x )

Hence,

X In I+x n X -arctanx
41+x)(1+x%) 1—x 2(14x)(1+x?)
1 1+x% 1 1+x
n + n
40+x)(1+x?)  1—x2  4x(1+x)(1+x%) 1—x
arctanx n In(1 —x*)
2x(1+x)(1+x%)  4x2(1+x)(1+x2)

1/ 1+4+x 1 n1+x+1 14+x 1 arctan
- _ _ el L X
8\ 14+x2 1+x 1—x 4\1+x2 14x

1/ 1 x—1 1+x2 1/2 1 x+1 1+x
—= — In +s | -— — In

8\14+x 142 1—x2 8\x 1+4+x 1442 1—x
1(2 1 x+1

T 4\x 14x 1+22

1/2 2 1 x—1
- (=== In(1 —x*
+8<x2 x+1+x+1+x2> n(1-x)
In(1-x?) 1/ 1 1
_M+§<

D'(x) =

4x2 1+x x
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+

I 1 arctanx  xIn(14x?)
— — = |In(1 4
(x2 x> n(l+x >+2(1+x2)+ 4(1+x?)

+1 x 1 arctanx—ln(1+xz)
2\1+x2 x 4(1+x2)°

NP

Thus,
1
D=D(1) :/0 D' (x)dx

and, since all integrals can be calculated exactly, one has that

n 3n* 3 3n 5
D==-+"——In2—=In2+—1In%2.
R T R TR T
This implies that
5 5, m 3 3n 5.,
C—19—27l' —§+Zln2—ﬁln2+l—éln 2,

which in turn implies, based on (3.12), that

2
T 7. 5 1
=——=In2--In"24-G.
S 13 " gn2—gln +2G

Remark. An alternative solution of this problem was published in [18] (although
the term 1372 /192 from the expression of o is incorrect) with a correction in [19].

3.45. We have

1 L —/l(x" A2 )dx*/l Y g
n+1 n+2 n+43 —Jo ~Jo 1+x
Let S = ¥ o(—1)" (55 — 05 + 745 — )7 Tt follows that

5o ([ ) ([ 7o)

1l | - ,,
:/0 /0 O+ +y) (Z()(—xy) )dxdy

n—=

ot dxdy
_/0 /0 (1+x)(14+y)(1+xy)
1 1 1

“Jo T+x </0 (1+y)11+xy)dy)dx
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[t <ln2—ln(1+x)>dx

o 1+x 1—x
/1 In2 —In(1 +x)
N -2
A calculation shows that an antiderivative of the function f(x) = lnzzli’x;+x) is

1 2 1 . [1-
F(x)= Eln(l—l—x)-ln(“_x) +Zln2(1+x)—§-L12( 2x>,

where Liy(z) denotes the Dilogarithm function. Thus,

oo 2
z(_l)n(n-lu _nj-2+nj-3_m) =F()=F(©)

n=0
n?2 1 1
— — —L' p—
1 2 12(2)
_z
T 24

We used that Li, (1/2) = n2/12 —In*2/2 (see Appendix A).

3.9.3 Alternating Products

What is it indeed that gives us the feeling of elegance in a
solution, in a demonstration? It is the harmony of the diverse
parts, their symmetry, their happy balance; in a word it is all
that introduces order, all that gives unity, that permits us to see
clearly and to comprehend at once both the ensemble and the

details.
Jules Henri Poincaré (1854-1912)

3.46. First, we note that for k € N, one has that
(k+1)? —k” —1=0(mod?2).
It follows, since there are (k+ 1)? — k” — 1 integers in the interval (kP (k+ 1)), that

(- =o.
kP<n<(k+1)P
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Also, we have that (—1)¥ = (—1)¥. A calculation shows that
S:’;(—l)”lln (HL}W)

ki <kp<n<2(k+l)p(—1)"l In (1 + Téﬂ))

(<—1>"””n (1), 5,0 (o)
(1) S ) (z()u)

(=) 1n (1 +%> .

Let Sy, = Y2, (=1)*'"In(1+41/k) be the 2nth partial sum of the series.
A calculation shows that

I
M

T
I

qu

M

B (2-4---(2n))2 pse T
52”_1n((3-5---(2n—1))2(2n+1)) g

where the limit follows in view of the Wallis product formula.

3.47. The product equals 7 /2. See the solution of the previous problem. It is worth
mentioning that the following product formulae hold

,,ﬁl <1 i ﬁ)wnl N f[l <1 * %) o B lj (1 - wlzj >(1)H - g

3.48. and 3.49. We prove that

i I\ g T ° P\NEDT g2
and

_1\n—1
ﬁ —n2+1 o —ztanhz
n2—1 n 2

n=2
We need Euler’s product formula for the sine function [109, Sect. 3, p. 12]

oo 2
sinn?zznsz (1—Z—z> , zeC. (3.13)
n=1 n
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Replacing z by iz in (3.13) and using Euler’s formula, sin o = (¢’® — e~%) /2i, we
obtain that

T2 _ o2

. . oo )
sin iz z
2mz iz ”lj[l( +n2>’ € (3.14)

When z =1 and z = 1/2, we obtain, based on (3.14), that

et —e T - 1 e? —e 3 - 1
T_H(1+n—2> and T_H(I“LW)’ (3.15)
n

respectively. We have, based on (3.15), that

o 1 (=1t 1 1\!
() =(p)(ez) -

Also,
2

sin7zz _ﬁ o=
nz(l1-22) .5 n)’

Letting z — 1 in the preceding formula, we obtain that 1/2 =TI, (1 —1/n%).On
the other hand, when z = 1/2 one has that 2/7 =[]}, (1 — 1/4n?) . Thus,

(-5 " =04 (-4
)

NS}

T

g
The third product can be calculated by dividing the two product formulae.

3.50. The first product equals v/8/+/7 and the second product equals 2 /xsin(x/2).
Recall the infinite product representation for the sine function
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smx-xH( nw)

Since the first product can be obtained from the second product, when x = 7 /2,
we concentrate on the calculation of the second product. We have

0= 30 (1 (1-5) v (1- 2 ) o)
i ( (1 ) <x7/§>2) (1 . <(x2/n2)>j> (1 . %)j )) .

Letting n tend to o in the preceding equality, we get that lim,,_,.. S2,, = In ﬁ, and
the problem is solved.

3.51. (a) Part (a) of the problem follows from part (b) by letting z = 2m and, by the
solution of part (b), the product equals

2mI2 (m)2°m=2 P 2m\ !
'(2m) N m '

(b) The product equals

We prove that

We need Weierstrass product for the Gamma function [122, Entry 2, p.1]

1 = Z _z
Y (4 e 1 —
B ze k|:|1 (1+k)e Kk, z#£0,—1,-2,.... (3.16)

Let Sy, be the 2nth partial sum of the series. We have

Son = %(—1)"*1111 (1 + %)

k=1

_ln(1+%)_1n(1+§)+---+1n<1+m)‘1 (1+2n)
15515+ 5)
—2[n(1+3)+m(1+5) ++m(1+5-)]
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zln(l—i—%)+ln(1+§)+...+1n(1+%)_Z(H_%_,_..._i_%)
21422 e (1) £ (14 S D)

U (LI S
Zn—i—ln—i—2 2n )"

Letting n tend to o in the preceding equality and using (3.16), we obtain that

lim S5, = In—— 21 ! e 232
im Sy, =1n —2In n2=In—--—="—.
e TR @ T /22 Q)
For an alternative solution see [115].
3.52. The problem is equivalent to proving that
< [4n—1 2n 7 1
1 —1)=3InA——In2—-Inm.
,;1( 2 "1 ) AT e
Let 7, denote the nth partial sum of the series. We have
o (4p—1 2p
=X (Tl -1 1)
p=1
:i2pln2p 22pln2p—l ——zln 2 _,
- 2p—1
p=l1 p=l1
n n n 1 22”(}1!)2
= 2 2pIn(2p) — 21(21? —1)In(2p—1)— Z‘lln(Zp —-1)— EIHW —n
p=1 p= p=
2 (2n)! 2"n!
— ; 2pIn(2p) — (pzlplnp ZIZpln 2p)> —In ] —In o —n

2n

n
=2 2pIn(2p)— Y, plnp—Iny/(2n)! —
p=1 p=1

n 2n
=2n(n+1)In2+4 Y plnp— Y plnp—In+/(2n)! -
p=1 p=1

Let
n2 2

1
Xp=1In142In2+---+nlnn— ( 5 +2+ 12)lnn+nz,
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and we note that x, — InA. Straightforward calculations show that
T, = 4x, — x3, + (n— i) In2+ (n+ l) Inn— l1n(2n)! —n.
12 4 2
Using Stirling’s formula

In(2n)! = 1n(§7r) + <2n+ %) In(2n) —2n+ 0 (%) )

we obtain that

7 1 1 - 7 1
T, _4xn—x2,,—ﬁln2—zln7r—0<;> " 3InA—SIn2— Inz.

For an alternative solution see [89].

3.53. The problem is equivalent to proving that

=

1 7 1
Z(—l)"*1 (lnn! - (n+ E) lnn+n—ln\/27r> :31nA—Eln2—Zln4.

n=1

Let S be the sum of the series. An application of Abel’s summation formula (A.2),
with

1
ap=(—1*"1 and bk_lnk!—<k+§>lnk+k—ln\/2n,

shows that
L 3
S =lim 2‘(—1)]‘71 ~(ln(n+1)!— (n—l——) ln(n+1)+n—|—1—ln\/27r)
e \ k=1 2
it _ _ 2k+1. k+1
SV e (AR A
F X (D e (D) (ST
- _ _ 2k+1 . k+1
_ Ol k=) ek kL
_k;(( DT (=) )( I 1)
—2p-1 w— [4p—1 2
A\ T
and this is Problem 3.52.

For an alternative solution see [130].

Remark. The problem gives an unexpected connection between a product involving
the classical Stirling term and the Glaisher—Kinkelin constant.
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3.9.4 Harmonic Series

Truth is ever to be found in the simplicity, and not in the
multiplicity and confusion of things.

Sir Isaac Newton (1642—-1727)

3.54. The identity can be proved by induction on m.
3.55. We will be using the following formula:

Hn+1
n+1

1
/ ¥In(1—x)dx = — (3.17)
0

This formula, which is quite old, is recorded in various tables of definite integrals.
It appears as formula 865.5 in [38], where a reference is given to Nouvelles Tables
d’Intégrales Définies, by B. de Haan: P. Engels, Leyden, 1867, and it also appears,
in thin disguise, as entry 4.293(8) of [62].

We have

Z‘l 2 1"/ X n(1 —x)dx
f_/olln(l—x) <n§“1xnnl>dx
:/1 1n2(1—x)dx

1lnx

- l—x

= 2/ X"n% xdx
m=0"0

=2 z m—|—1
=2(3).

Remark. We mention that the series from Problems 3.55, 3.58, and 3.59 (part (b))
are due to Klamkin [73-75].

3.56. A calculation, based on formula (3.17), shows that

= - H "n(1-x)In(1+x) 5
IS 2 - dv=2¢(3),

where the last equality can be checked with Maple.
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3.57. We will be using the following identity2 [16, Formula 5.2.9, p. 76], [62,
Formula 1.513(6), p. 52]:

_ It ZH W —l<x<l. (3.18)
1—x

We have, based on (3.17) and (3.18), that

o Hz o
DA :2 ”H/)H’llnl—xdx

CMIn(l-x) [ & e
- [ === <§1( )Hn>dx
:_/1 In(1—x )ln(l—i—x)dx

0

x(14x)
/1 In(1 —x)In( 1+x)dx /1 1n(1—x)1n(1+x)dx
B 1+x 0 x

_ _11_2 (121n2 — 4102 - 9¢(3)),

since

1+x
the preceding integral being calculated with Mathematica.

/1 In(1 —x)In(l +x) , L(81n32— m*In4+3¢(3)),
0 24

3.58. Recall that the Dilogarithm function [84,122], denoted by Li(z), is the special
function defined by

Lia(z :ZZ_Z /wdt, 2 < 1. (3.19)

A special value associated with this function is obtained when z = 1 for which
we have that Lix(1) = Y7, 1/k* = n?/6.
We have, based on (3.17) and (3.19), that

iﬂ——ii/lwlln(l—x)dx
n=1 n’ a n=1 n’ 0
In(l—x) [ & X"

X =1 n

S—

2The function f(x) = f%

for the nth harmonic number.

is known in the mathematical literature as the generating function
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Remarks and Further Comments. The series from the previous problems, in which
a single harmonic number is involved, are called linear Euler sums. Some of these
series are special cases of the following classical series formula due to Euler

Zf (n+2)C(n+1)— ZCn— Ck+1) (neN\{1}).

Many papers involving the calculation of linear Euler sums, as well as new proofs
of the above formula, have been published in the mathematical literature; see (8,24,
25,70,97] and the references given therein.

3.59. Let

i Hn+k
Snn+1)(n+2)---(n+k)
Since

1 ! 1 1
n(n+1)(n+2)---(n+k) k (n(n—l—l)---(n—i—k—l) B (n+1)---(n+k))’

we get that

H, _ 1 Hy i 1 Hy ik
nn+1)(n+2)---(n+k) k nn+1)---(n+k—=1) k (n+1)---(n+k)
1 Hy 1 +1 1
k nn+1)---(n+k—=1) k n(n+1)---(n+k)
b e
k (n+1)--(n+k)
It follows, in view of Problem 3.10, that
1 1 & Hy i
Sp=—Si1+- S S [ S
Kokt z‘ln (n+k kn; n+1)--(n+k)
1 1 1 & H, ;_
— S+ m+k—1

W_Erg‘zm(m—i-l)---(m—i—k—l)
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3.60. Let
Hy
k(k+ D) (k+2)-(k+n)’

S
|
M

We have

H 1 Hy H

k(k+1)---(k+n) n (k(k+1)~~~(k+n—1) B (k+1)~--(k+n))’

and it follows that

H; - H;

Si=1 % _lz
n & kk+ )(k+2) - (k+n—1) n& k+1)(k+2)-(k+n)

B LS Hy
Tt n= mm+1)---(m+n—1)

On the other hand,

B g‘ m*(m+1)---(m+n—1)

- H, 1
=2 mm+1)---(m+n—1) n!

- 1
B z:‘ m*(m+1)---(m+n—1)

where

Ti1= Y, m2(m—+1)---(m+n—1)

m=2
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Putting all these together we get that
Sp=—-+-T—1. (3.20)

To calculate 7,,_; we note that for n > 3, one has
1
m*(m+1)---(m+n—1)
1 1 1
n—1\m*(m+1)---(m+n—-2) mm+1)---(m+n—1))"

Thus,
1 G 1
T,—1= T2 — .
L R = mm+1)---(m+n—1)
On the other hand,
5 1 _3 1 1
Somm+1)--(m+n—1) Zmm+1)---(m+n—1) n!
1 1

T =1)-(a—1)! al’
where the last equality follows based on Problem 3.10. Thus, for n > 3, one has

Tyos 1 1

B R B TN e VR

This implies that

1 1

(=T =(n-2)'T, >~ (n—1)?2 + nn—1)’

and it follows, since

that

1 1 11 1
(e (Bt ramm)) e

Combining (3.20) and (3.21), we get that the desired result holds and the problem
is solved.
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When n = 1 one has that

- H; — [ Hy Hk+1 1 > 7'62
1= -5 (BB, o)-T
,Ek(kﬂ) ,Zl ko k+1 " (k+1)? 6

Remark. The problem has been generalized in the following way [23,40]: For every
natural number n > 2,

S H, o [Tx—0)"In(1—1)
"!k; k(k+ 1)--k- (k+n)xk+ - _/0 =y &

3.61. Let
Hy
S k2 (k+1)(k+2)--(k+n)

M

Vo=

We have, for n > 2, that

Hj
K2(k+1)(k+2)---(k+n)
1 Hy 1 Hy
“n Rk+10)(k+2)--(k+n—1) n k(k+1)(k+2)---(k+n)

and it follows that V,, = %Vn,l — %an, where a, = Y, m This

implies thatn! -V, = (n—1)!-V,,_; — (n—1)! - a,. Thus,

nVy=Vi— (1l ap+2!-az+3!-as+---+(n—1)-a,).

On the other hand,
i H; - H; s H; 7[2
Wi ~26(3)-%
kg‘lkz(k—i—l) ,Z‘lkz kg‘lk(k—i-l) 6
and (see Problem 3.60)

1 (r? e 1
m=il\e Uttt tooz))

Putting all these together we get that the desired result holds and the problem is
solved.
For an alternative solution, see [116].

3.62. We need the following integral [44, Table 5]:

UInx-Lip(x) . 3
| e,

1—x
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Since

1 1 n oo
/0y’”'"*llnydy:—(Hm)2 and g(z)—zﬁzz

one has, based on (3.17), that

H, (£(2) _nzZ:l 1K) _ </01;a’11n(1—x)dx> <i /()ly”“”llnydy)
. m=1"*
:/le”*lln(l —x)dx/o1 <iy”+'"1> Inydy
m=1
_/ /x” 1l )lnydxd

Thus,

:i a (82 Zkll/k 2//)/’1" )lnydxd

_ 1 _
/ / ylnylnl )dxdy:/ ylny (/ In(1 —x) dx) dy.
y)(1I —xy) Jo 1—y\Jo 1—xy

To calculate the inner integral we note that an antiderivative of % is the

function
w0 -om (32) 10 ()

y

It follows that

/1 In(l—x), Lip (%1) |
0

1—xy y
On the other hand, Li>(;%7) = —3In*(1 — y) —Lix(y) [84], and it follows that
Uylny —4In*(1—y)—Lix(y 11ny1n 1—y
S= . = / dy
o 1—y y 2

nyLis (y) 1 /Unyln®(1—y) 3
| ==y == ————2dy+-C((4).
/0 -y = 2./0 Iy tgt®
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2
Letl = fol Wdy. We integrate by parts and we have that

1 i - 1 /1l 1 /1 s
]:_/—n( y>dy:— nxdx:—/ ln3xzxm dx
3o y 3Jo 1—x 3 Jo —

1S s 1S 3!
_5%)/0 K xdx_—grgo—(m+l)4 =-20(4),

since [y ¥ In’xdx = —3!/(m+1)*. Thus, S = — 11+ 3¢ (4) = 1{(4).
For an alternative solution see [131].

3.63. See [11].
3.64. Let

" 1 I
S =% (2 —— - — ... — .
" kzlk<“ k1 kt2 2k>

Using Abel’s summation formula (A.1), with

1 1 1 1
=— and bp=In2— —— — — — .. _ -
B R ) 2%
one has that
1 1 1
S =H - (ln2—— —— ... _
n =t (n n+2 n+3 2n—|—2)
& 1 1 1
+ 1+—+~~~+—)—.
,;1( 2 k) (2k+1)(2k+2)
This implies, since
1 1 1
i S — )= it!
’}glc}oH,,(an poray 2n) 0 (proveit!),
that
21 1 1 1 R
2-(1112____ ..... _>_ZL
“n n+1 n+2 2n = (2n+1)(2n+2)

To prove the second part of the problem we have, based on (3.18), that

In(1 —x2 &
—%:ZHn'in, —1l<x<l1.

n=1

It follows that

2/ In(1—x?) > H, )
- T )=y w2
/0 </0 -2 > ,Z‘l(zn+1)(2n+2)z
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When z = 1, this implies

L[

We calculate the integral by parts with

H,
‘ (2n+1)(2n+2)

Mg

n

"In(1 —x —1?
s = [ g pin =00 =1 g =

and we get that
/1 /t 1n(1—)2c2)dx dr :/1 In(1—x 2)dx—/l xln(l—xz)dx
Jo \Jo 1—x 0o 1—x2 Jo  1—x2
_/1 In(1—x
l—l—x
1 1 _
:/ 1n(1+x)dx+/ In(1 x)dx
Jo 1+x o l+x

_ ln22+/1 In(l-x)
0

2 1+x
Thus,
i B ln22_/1 ln(l_x)dx:n—2—1n22,
= ( 2n—|—1 2n+2) 2 o l4x 12
since

1+x 12 27
For an alternative solution see [12].
3.65. and 3.66. See [79].

3.67. Let S(k) = (1nk Hg,,+H,— 2kn) One can prove, based on [62,
Formula 1.352(2), p 37] and [62, Formula 1.392(1), p. 40], that the following
formulae hold

Un(1 —x) n?  In?2
— dx +
/0

k—1 . k—1

) 2mm k . mn k
zijcos T S _ ) and H smT = T (3.22)
j= =

Recall that the Digamma function, y, verifies the identity [122, Formula 3, p. 14]

l//(x)—ll—r((;)) :—y—l+i <1—nix), x>0

x AS\n
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For p and g positive integers, with p < g, one has the Gauss formula, [122,
Formula47, p. 19], which allows the calculation of the Digamma function at positive
rationals less than 1

-1
p T prm 4 2k p ( .kn)
Z)=—y—Zcot™= —Ing+ ¥ cos In(2sin— |. (3.23)
W(Q) Ty kg‘l q q

We have, based on Abel’s summation formula (A.2), that

S k—1 k—1
Sky=Yn <1nk—Hkn+Hn— ——1nk+Hk(nH)_H,,H+_)

~ 2kn 2k(n+1)
7in 1 n 1 T 1 _ k—1 _ k—1
A2 \kn+1 kn+2 kn+k—1 kn+k 2kn(n+1)

(s
— in <kzl <kn1+] ,mlJrk> B 2k:(;-11-1)>
k

_ni (,21 (kn’:—] knrfi—k) - 2klzn_+11)>

_ni (%fzi <n41r1 _n—Ji-/]I'c/k> - 2klzn_—|—11)>

(i (2 ) () - )
SIS () )

Using (3.23) we get that

mim
] (2 —) .
n Sln k

; ; k=1
2
W(i) +y= —gcot%—lnk—l-mg‘lcos min
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It follows, based on (3.22), that

- j n K jr k-1

— j = =—— jcot — — —— Ink

kzj_zlj(w<k)+y) 2k2j:21]C0 K2k "

lkl k—1

mrw . 2mmj
+.3 2 In (ZSIHT) Y jcos -

=

1k1

- kzz t.———lk ZkZIn(Zsan)

- 2k22] t———lk
——ln<2k ll_[mn—)
k—1
o jm k-1 Ink
- ALl Yy S iid
2k2].§‘1] K2k 2k
k=l Ink

This implies that

k=1 K jr  Ink
S(k) = = Lt 22
®) = 2k2j§1’ K2

=

1 1 In2
Y (In2—Hy+H,—— | =~ ——=
= 4n

and

oo

1 1 7v/3 In3
3 54 2

2 (ln3—H3n+H,,——
P} 3n

Remark. Ttis nothard to check that the series Y (Ink — Hy,, + H,) diverges, hence
the correctional term (k — 1)/2kn which makes the series convergent.

3.68. and 3.69. These problems, which are due to Kouba, are solved in [78].
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3.70. Recall that the Dilogarithm function [84, 122] denoted by Liy(z) is the special
function defined, for |z] < 1, by

o ZIn(1 —1¢
Liz(z :2% /ydt.

When z = 1 we have that Liy (1) = 35, 1/k* = 2/6.
If x € (0,1), the following identity holds

1/(1—x _
lnxln(l—x)—%lnz(l—x)—l—Lig(x)—l-/l yduzo. (3.24)

To prove this identity we let f : (0,1) — R be the function defined by the left hand
side of (3.24). Then, a straightforward calculation shows that f'(x) = 0. Thus, f is
a constant function and hence f(x) = lim,_,o f(x) = 0.

We also need the following integral (see entry 4.262(2) of [62]):

/1 In®(1 _x)dx ot
0

X 15
Now we are ready to solve the problem. We have, based on (3.17), that

i (%)2 = rg/olx"lln(l —x)dx/oly”*lln(l —y)dy

n=1
1 g1 [ oo
:/0/0 <2(xy)"1>ln(1—x)ln(l—y)dxdy
b n=1

//llnl—xln )dxdy
:/0 In(1—x) </01 %dy)dx.

We calculate the inner integral, by making the substitution 1 —xy = ¢, and we
have

Un(1 - 1 /! In(1—1 t
PPy VST
o 1—xy 1—x t

1 1 _
:1/ ln(l/x)dH_l/ In(x 1+t)dt
1—x t X J1—x t
1 1 ! In(x—1
:—lnx-ln(l—x)+—/ Infr=1+1)
X J1—x t

X

dr.

The substitution # = (1 —x)u, in the preceding integral, combined with (3.24) implies
that
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1 _ 1/(1—x) _ _
/—1“(1 y)dy:llnxln(l—x)—i—l/ d=nw=1,,
0 1

1—xy X X. u
1 =9 In(u—1
= <lnxln(l —x)—In*(1 —x) +/ n(u—)du)
X 1 u
1 1
= <—§1n2(1 —x)—Lig(x)> .
It follows that
i (ﬂ)zz BaLt —x)dx_/l In(1 —x)Lis(x) |
=\n 2 Jo X 0 X
77,'4 1 2 =1
Al
T3 72
17t
360

Remark. Historically, this series identity was discovered numerically by Enrico
Au—-Yeung, an undergraduate student in the Faculty of Mathematics in Waterloo,
and proved rigorously by Borwein and Borwein in [17]. This intriguing series,
involving the square of the nth harmonic number, has become a classic in the theory
of nonlinear harmonic series. It appears recorded as an independent study problem
in [108, Problem 2.6.1, p. 110] and, as a formula, in [98, Entry 25.16.13, p. 614].
We mention that a nonlinear harmonic series is a series involving products of at
least two harmonic numbers. For reference materials on this type of series, as well
as surprising evaluations of sums involving harmonic numbers, the reader should
refer to the work of Srivastava and Choi [25], [123, pp. 363, 364].

3.71. and 3.72. These problems are solved in [47].

3.9.5 Series of Functions

There are things which seem incredible to most men who have
not studied Mathematics.

Archimedes of Syracuse (287-212 BC)

3.73. The series equals

n

-1<2«4V“ﬂ1«ﬂ+«4ﬂ“<wm+§+ﬁ>,

n
X =2
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where the parenthesis contains only the term (—1)"*!(y/(x) 4 1/x+ ) whenn = 1.
See the solution of Problem 3.9.

3.74. The series equals (17)6)’5{—2(1(14) We have
oo 1 k oo Xﬁ+1 k X k oo
e = N
S \L—x S\l —x I—x/ =
2k
T (A1 =)
3.75. The series equals _mik_x)k In(1 — x*). We have
o , A R S AN o=
—1—-—x— e = — = e
; (1—x T x) %n(l—x) (1—x)k”§‘1n
xk
=————In(1-x").
= n(1—x%)
3.76. Since 1 +-¢+---+1""1 = 1 , we obtain by integration that
n .k X h
Zx—:—/ dt —In(1 —x).
&k o 1—1t
Thus,
N WY A i v SR B Ry oL
— ——1 dt)=— [ — — | dr
;n@k . ) § (/o 11 ) /0 1—t<,§1n>

/" In( 1—t B ln2(1 —X)
N 1—t 2

Remark. The interchange of the order of summation and the order of integration is
permitted since ¥, #"/n = —In(1 —¢) converges on —1 <t < 1, and hence, the
series converges uniformly on [0,x] C (—1,1). When x = —1, the equality follows
from Abel’s summation formula.

3.77. We have

n=1 k=0 n=1
I & xPr
R
In(1 —xP)
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The second part of the problem follows from the first part by replacing x” by —x”.

3.78. The series equals
x 1 N 1+x
2(14+x) 4 1-—x

Let S be the sum of the series and let Sy, be its 2nth partial sum. We have

2n x2
S =Y (=1 &k (ln(l —x)+x+3+~-~+;>

k=1
2k—1

n 2 X
(2k—1)(In(1 -
g (n x)+x+2—|— +2k—1)

2k

1 X
— 2k In(1 —x —
/Zi (n( )+x+2+ +2k)

2k—1
2k
zx kzl(n BRI +2k_1)

It follows that

oo o 2 21
_ n(l—
gx ;;1< x)—|—x—|—2—|— +2k—1>
oo 2k+m

o X
- +,;1,;02k+m

+i i/ 2km=1 4,

k=1m=0"0

2+/ 3 t’” dt
—-X 0 k1 0

dr

1—x2+o 1—1) 1—t2
X 1 1+x
2(1+x) 4T x

3.79. The series equals

(=) = 2 (1 —x).

1—x —X

—In®(1 —x) +
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‘We have

// ) ZZ‘M”dtdu

:/o /o a —tu)(lnit)(l oy du

B ox 1 t—t (/ox (1 —tu;l(l —u)du) dr.

On the other hand, a calculation shows that

/ox (1 —tu’;(l —y%= T 1_, (—111(1 —x) +%ln(1 —tx)) :

It follows that

/:1;(/" 1_,u;‘<1_u)du)dr=./§1;(‘1‘1<1,‘”+“221:;‘§>>dr

/o 1—1)? /ox%dt

— —In(1—x) (In(1 —x) + (m (1—x1)
—X

,x = ﬁ)

(14x)In(1 —x?) x

=—In(1—-x) (In(1 T—x - 1_Xln(l—)c)
— (1 —x)+ 1i—iln(1—x2)— = In(1 -,
3.80. The series equals
x? In(1—x?)
—In(1— .
o (M e -a)

221

(004755 ¢ 0
= —In(1—-x (ln ) 1_; x/()xxi1<1jtx_ll—t>dt
(004755 ¢
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SR L) (50)

p=1

k
Yot 1
:/ S
Jo1l—tx 1—t 1—x
2 x t
S / dr
I—xJo (1—zx)(1—1)
VEE | 1 1
- / — dr
l—xJox—1\1—tx 1-—¢

§ izx)z <ln(1x_x2) —1In(1 —x)> .

Remark. One can also prove that if a € [—1,1] and a # 0, then

< 1 1 x? X" 1 )
Za (1111 —X—E ———— —)( —l—x—x___x”)

1—x

R )

3.81. (a) Let

inx

Ti(x) = Y, nn+1)(n+2)---(n+k)’

First we note that

inx
e

inx inx

nn+1)(n+2)---(n+k)
1( e e )
Tk \n(n+1)(n+2)---(n+k—1) (n+1)(n+2)---(n+k))’
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and it follows that

1 o einx
Tk(x):E (Tk 1(x Z‘l ntl) n+2)---(n+k)>
wtiom 1 oo ei(mfl)x
=z (Tkl(x)_,;zm(m+1)(m+2)"'(m+k_1)>
= % (Tkl(x)—e a <Tk1(x) —%>)
1_efix 1

 and let xx = k!Ty(x)/a*. The recurrence relation

Leta= l—e”'x:2sin’—2‘ e 2
implies that x; = x;_ + 1/ka¥, from which it follows that x; = xo + 2]]‘.: 1 1/ja’. On

the other hand, xo = Ty(x) = Y=, ™ /n. Thus,

ak oo eixn k 1
Tk(x)—ﬁ<z - +Z]7>

J=1

It follows that
. . ij(m—x)
(2sin$)f iww, (& & %
T = - =7 2
€x) k! ¢ Z'l Z‘ (2 sm

Thus, for calculating Sy (x) we need to calculate the real part of T;(x). Hence

2sin £ )k i(n—x) > i k w
gg 7k Z 2 zsn . (325)

Si(x) = R (73(x) —9{( 0

n=1

We need the following two well-known Fourier series for sine and cosine [62,

1.441(1), 1.441(2), p. 44]:

)

— Sinnx TW—Xx
D ==, 0<x<2m,

and

O _1n (ZSin%) . 0<x<2m.

n=1 "
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A calculation, based on (3.25) and the previous formulae, shows that

(2sin %)k
Sk(x) = i s
(r—x)k Xy mox (717 Pk & co M
X | —cos In (2sin—) — i 2 .
2 2 2 s (251n2)’

(b) To solve the second part of the problem, we let x = 7 and we get that

< (—1)" 2k 1
§ n+1)(n+2)-(n+k) k'< 1n2+2 2/)

3.82. See [26, Proposition 4].

3.83. We have
ii(lix_l_x_XZ_“ xn+m>_iiixn+m+p+l
n=1m=1 n=1m=1p=0
N
n=1 m=1 p=0
(7).
On the other hand,
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3.84. Let S(x) be the sum of the series. We prove that

3 P . . .
X+ %5 +---+ % —sinhx if pisodd,
S(x) = 3% p1!7 !
1+%+--~—|—%—coshx if piseven.

Let S,(x) = Xr_ (=) (é‘ —1—5- )5—2, ----- %) We apply Abel’s sum-
mation formula (A.1), with
x X2 xktp

+k§1 ((—1)+(—1)2+---+(—1)") T

This implies that

oo Paaras’ oo x2l+p+2
S _ _
() k%d k+p+1)!  ~@+p+2)
=0

{x+)§_3!+---+);—1;—sinhx if pisodd,

1+§_2!+----|—“;—p!—coshx if piseven.

3.85. The series equals

er x+1 7x
4 \274)¢

Let S(x) be the sum of the series. We have

=S(x) +xe .

Thus, §'(x) = S(x) +xe™™, and it follows that S(x) = Ce* — (x/2+1/4)e™™,
where C is the constant of integration. Since S(0) = 0, we obtain that C = 1/4,
and the problem is solved.
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3.86. The series equals

o 2 n—1
! 2 X X X
— A A
S'(x) ”:1n <e TET (n—l)')
it x"
=S(x)+ an-—
= n!
> x" & X"
=S(x)+ + .
() ’Z‘Z(n—2)! ’Z‘l(n—l)!

It follows that §'(x) = S(x) + (x* +x)e*, and hence S(x) = (x* /3 +x?/2) &'+ Ce",
where C is the constant of integration. Since S(0) = 0, we obtain that C = 0 and the
problem is solved.

3.87. The sum equals

(1+2'+ +"—,) if piseven,
—(X-l-g-l---'-i—);,—]!) if pisodd.

Let S,(x) = 30_,(=1)k ()]‘C—f + (,JS:II) +- 1t (J‘k Rl ) Using Abel’s summation
formula (A.1), with

+1 +
ar=(=1% and b= k+(kx:—1) +- +%,
we get that
Kt A2 yiti4p
S”(x):((_1)+(_1)2+“'+(_1)n)((n+1)!+(n+2)!+m+M)

£ 3 (D 1P (1)) (’;—f-ﬁ) -
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72 2lp+2 - K2
S A\QI+p+2)! (20+1)!
e*x_(1+)5_2!+---+;‘)—p!) if piseven,
—(x—i—)é—}!—i—---—i-f,—];) if pisodd.

3.89. (a) Let
< n X 'x2 'xn
0= 3700 (1 f -5 )
We have
!/ X < n X 'x2 x”71
Y0 =10+ 3 10) (¢ =1 =5 == o)
N T IS TR U x_">
_f(o)e +n§1f (0) € 1 1! 21 (n_l)! n! n!
X " n X x2 x’hl x"
(@ 070)+ 5 £70) (1= - e )
- x"
+£(0)+ 3, r(0)- =
n=1 .
oo 2 -1
N Y P S S
_,Z;)f (0)<e RTINS (n—1)! n!) )
=y(x) +f(x).

The solution of this linear differential equation, with initial condition y(0) = 0, is

o) = [ e pnar

and part (a) of the problem is solved.

For an alternative solution of this part of the problem, which is based on a
recurrence formula, see [103].
(b) Let f(x) = e®. Since £ (0) = o, it follows in view of part (a) of the problem
that

ia” ex—l—ﬁ_x_2 ..... N g [F e g, Y if a#l,
11 2 ! A

n=0 xe* if oo=1.
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Remark. When a = —1 we get that

o, 1 1 1\
2lel-qimg— ) =e
n=0

3.90. (a) Let
v n X S x"
20 = S0 (<15 == 1)
We have
/ < n X xZ xnil
Y0 = Sn0) (& -1y i)
= 2 —1
) 2 DA SO S & x”)
_Z‘l"f O« -1 2! (n=1)! n! n
o 2 -1
N T i P S > X
B G e v )
- x"
") (0) .
+n§1f © (n—1)!
= y(x) +xf' (x).

The solution of this linear differential equation, with initial condition y(0) = 0,
is given by

X
y(x) = / & (1)de.
Jo
(b) Let f(x) = e*. Since £ (0) = ", it follows from part (a) of the problem that
o ) o i
21’10{” (ex_l_ﬁ_x_ ..... _) :aex/ te<a71)tdt

- { a71)2 (eaxax_xeax_eax+ex) lf o 7é 1’

re if o=1.
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Remark. When oo = —1, we get that

3.91. A solution of this problem is suggested in [86].
3.92. The series equals

f(x) +2f(_x) —f(O)

Let S(x) be the value of the series and let S,(x) be its nth partial sum. An
application of Abel’s summation formula (A.1), with a; = (—1)*"! and by =
f(x) — T (x), shows that

Su(x) = (=14 (=)' -+ (=1)") (f(x) = Tz (x)

n B xk+1f(k+1) (0)
+]§l((—1)°+(—1)1+--~+(—1)k 1) EETESE
Thus,
B o . xn+1f(n+l)(0)
S(x)—,;((—1)0+(—1)1+"'+(_1) 1 (n+1)!
S 20) )+ f(—x)
- gl I 5 f(0).

A generalization of this problem is given in [90].

3.93. For a solution of this problem see [86].

3.9.6 Multiple Series

A proof tells us where to concentrate our doubts.

Kline Morris

3.94. The series equals —In2 — 72/12 +3¢(3)/4 [77]. An alternative solution,
which is based on an application of Problem 3.96, can be found in [54].
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3.95. The series equals 2{ (ot —3) +38 (ot —2) — { (e — 1) — {(cr). We have

1

2 Varm®

K2 <n+m<(k+1)2

o~ 1
2 Z (L /_i’l"rmj)a

n=1m=1

Il
TM:

1
e DI

kK2<n+m<(k+1)2

I
HMS

On the other hand,

1= Y 1+ > 14+ Y 1

K2 <ntm<(k+1)2 n+m=k? n+m=k>+1 nt+m=(k+1)2—1
= (K= 1)+~ ++ ((k+1)*=2)
=2k 43k —k—1.

It follows that
S < 1 Q243K —k—1
ZE () & e
=20(a—=3)+38(a—-2)-L(a—1)-{(a).

3.96. For positive integers v and n, we let Ay = Y ayym and s, = X5 _ Ay.
Likewise, for every positive integer n we let 0, = ¥}, ay and 6, = X}, kay. Since
Ay = 0 — 0Oy, it follows that

n n
s,,:nc—z = Zn—i—l— akzn(r—l—&,,—(n—i—l)c,,:ﬂ, (3.26)
v=1 k=1

Vn

where u,, = 6 — 6, + (6, — 6,,) /n and v, = 1 /n. On the other hand, it is straightfor-
ward to show that

Upt1 —Un
S = Gyt — Ol
Vi1 —Vn
Since
. Upr1—U -
lim 2" — 50,

N Vpt] = Vn
an application of Stolz—Cesaro lemma (the 0/0 case) implies that s = lim, e 5, =
limy, e tty /vy =6 — O.

3.97. Let w, = nas, + 62,—1. With the same notation as in the previous problem,
we have, based on (3.26), that 6 + 53, = (2n+ 1)(0 — 02,) + G2n = X/ yn, Where
Xp =0 — Oy + #H Gy, and y, = 1/(2n+ 1). On the other hand,

Xpe1—Xn  2n+1 N 1
= A2+ O2pt1 = Wptl — 5 G2y 2 -
Ynt1—Yn 2 2
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Since a, — 0 as n — o, we have, based on Stolz—Cesaro lemma (the 0/0 case)
and limy,_e(naz, + 62,—1) = [, that lim,_,.(0 + 52,) = £, and it follows that
lim, s 52, = £ — 0. On the other hand, since s3,11 = $2, + A2yt 1 = $2,+ G — Oop 1,
we get that lim,, e $2,,+1 = limy,_ye0 52, = ¢ — 0. Thus, lim, e 5, = — ©.

Remark. Problems 3.96 and 3.97 are due to Tiberiu Trif, and they refer to the special
case when a double iterated series equals a difference of two single series [54].

3.98. See [55].

3.99. The series equals (721n2)/6 — (21n°2) /3 — {(3) /4. We have, based on (3.17),
that

S 3 (aynti S S oy (- ar

n=1m=1 n=1m=1

:—/OIME i(—x)”“" (l—l-l)dx

_ /1 In(1 —x)In(1 +x)dx.
0 I+x

It follows, in view of (3.18), that

i i n+m n+m — _2/1 1n(1 _x)ln(1+x)dx
0

n-m 1+x

n=1m=1

n=1
(3.17) S HyHy )
=) 2§ (et
”g‘l( ) n+1
& 1\ H
=2 (-1 (Hp - —— ) 2
Z‘l( ) (”“ n+l>n+1

n=1 n=1

_ < pir il & a1 Hnt1
—2( - S

and the result follows based on Problems 3.56 and 3.57.
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3.100. The sum equals §(3)/4 — (In>2)/3 + (In*2) /2 +1n2 — 1. Replacing x by —x
in (3.18), one has that

(=1)"-Hy-x", —l<x<l. (3.27)

Thus,

n=1m=1 n+m n=1m=1
2
~ Sy dx“ﬁ”/l—lnz(”x)dx
0o X n=1 " 0 X(1+X)2

= [ <l S <1+1x>2) "

7/1 ln2(1—|—x)dx /1 lnz(l—l—x)dx /1 ln2(1—|—x)dx
~Jo x 0 0

1+x (1+x)?
_ 5B m(14x) 1_(_1n2(1+x)+21n(1+x)+2> !
4 3 0 1+x 0
~¢(3) I’2  In?2
= 3 + 5 +In2—1,

since [ In?(1+x)/xdx = {(3) /4.

3.101. We have

n=1m=1 n+m+1 n=1m=1 " JO

l oo oo

_ / S (—x)Hy |- 3 (—x)"Hy | dx
0 n=1 m=1

(3.27) /1 In?(1 +x)
Jo (1+x)?

~( In*(1+x) 2In(1+x) 2 !

N 14+x 14+x 1+x/ |
In’2

=———In2+1.
> n2+4



3.9 Solutions 233

3.102. Exactly as in the solution of Problem 3.101, we have that the series equals
Uk (1 +x) 2Inky
Y LA PR LA
( ) 0 (1 —l—x)k ( ) 1 yk y
and the last integral can be calculated by parts.
3.103.-3.105. See [52].

3.106.% Lety,, = (—1)+ (—=1)?+---+ (—1)". We apply Abel’s summation formula
(A.2), with

1 1
am:(—l)m and bm=1—|—§++n+—m—ln(n+m)—y,

and we get that

i(—l)’” <1+%+---+rh+m—1n(n+m)—y)

. 1 1
—Wlllilgoym (1+§++m—ln(n+m+l)—y)

+ iym (ln(n—l—m—i—l)—ln(n—i—m)—

m=1

n—i—m—l—l)

P 1
m: ém 1 Z <]n(n—|—2m)—1n(n—|—2m—1)—n+2m>-

It follows that

-5

n=1m=1

=

1 1
(_1)n+m <1+§+~~~+m—1n(n+m)—y>

= =

:_2(—1)"2(ln(n+2m)—1n(n+2m_1)_ 1 )

n=1 m=1 n+2m

We apply Abel’s summation formula (A.2) one more time, with

=

1
apn=(-1)" and b,= ) (ln(n—|—2m)—ln(n+2m—1)—n+2m),

m=1

3The solution of this problem is based on a joint work with H. Qin.
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and we have that

=

. 1

h < (n+2m) 1 1
E E 1 —
+n:1ynm 1(n(n—l—2m—1)(;1—|—1—i—2m) n+2m+n+2m+1

n:=2n—1 - -
= =2 2 aum
n=1m=1
where a, ,, denotes the sequence

1 1

21n(2n+2m—1)—ln(2n+2m—2)—ln(2n+2m)—2n+2m_ 1 2 om:

We used that (prove it!)

. - 1
”151"1"))””,2::1 (ln(n—|—2m—|— 1) —In(n+2m) — m) =0.
Thus,

S= 2: }: An,m

n=1m=1
=i< 21n (2k— 1) — In(2Kk — 2) — In(2k) — —— + 1))

— 2k—1 2k
= n+m k

Mx

-1) (21n(2k —1) —In(2k —2) — In(2k) — ﬁ + 21k>

k 2

Let S, be the nth partial sum of the preceding series. First, we note that
(k—1)(2In(2k—1) — In(2k — 2) — In(2k) — ! + !
2k—1 2k
=2k—1)In(2k—1)—In(2k—1) —2(k— 1)In2 — (k— 1) In(k— 1)

1

—kInk+Ink+ = — —
eI e T

and it follows that

Su= " (2%~ 1)In(2k 1) —ln% Cn(n—DIn2— Y (k- (k1)
k=2 n: k=2
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n

n 1 1 n
—]szlnk—i-lnn!-i-z > T 3, 2

(n!)? Hy, 3H,
(2n)! T T

= By, — 4B, — (2n* —n)In2+1n
where B, = Y/_ klnk. On the other hand,

1

and, by Stirling’s formula,

Nz o1 1 1
n(n) ——1nn—2nln2+§1n7r+0<—>.
n

(2n)! 2
Thus,
1 1 Yy Inzm
_ _ _ 2 _ A N eiad
Sy, =By, — 4B, (2}1 +n 2)1n2—|—( 4')lnn 4—|— 5 —I—O(n)
Let

1122...p2

A =
Tt /24n/241/125—n2 /47

and we note that B, = InA, + (n*/2+n/2+ 1/12)Inn — n? /4. Thus,

I !
S, = 1Ay, — 4InA, + — 1n2—7—’+n7”+0(—),
n

and the problem is solved.

Remark. The problem is motivated by an alternating series due to Hardy [20,
Problem 45, p. 277] which states that

- 1 1 1
— n—1 —_ _ — — — _
n;( 1) (1 +5 4t —lnn y) 3 (Inz—7).

3.107. The series equals (In32 — ). Let

- - 1 1 1
= 1 —_ _ —_—, e ——
Z‘l( z:“ (n n+m+1 n+m+2 2(n+m))

and let S, be the mth partial sum of the inner series. We have

fi( ¥ (1n2 ! ! !
A n+k+1 n+k+2 2(n+k))
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An application of Abel’s summation formula (A.1), with

1 1 1
— (—1)k d b,=In2— _ .
ar= (=1 and be=In2 = mm = 2(n+k)’

shows that

+ i ((_1)+ SRR (_1)k) (2n+;k+1 - 2n+;k+2) '

- 1 1
1 f— — J— 2 e — k J—
Jlim S = 3 (1) (217 1)>(2n+2k+1 2n+2k+2>

k=2p+1 i 1 1
=0 2n—|—4p—|—4 2n+4p+3

_ i / ! (x20H4P 3 _ y204p2) gy
Jo

p=0
1 2n+2
:_/ Y &

0o 1+x+x2+x3
This implies that
& 1 1 1 ! 224
Z(—l)m<ln2— _ _..._—) :/ ﬁ’
= n+m+1 n+m+2 2(n+m) Jo T+x+x2+x

and it follows that
L 1 2n+2dx 1 x4 oo
T— _1n+1/x—:/— 2y
Z‘l( ) o 1+x+x2+x3 Jo 1+x+x2+x3,§‘1( *)
- x*dx B /1 xtdx 1
S Jo (T+x+2+83)(1+x2)  Jo (1+x)(14+x2)2 8

(In32— 7).

3.108. The series behaves the same like the integral

I_/ / 1+ T+ —|—x,,”)
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Changing variables, x; = yl.l/pi, i=1,...,n,we getthatI =J/(p;---p,), where

1

...y;;”
J= / / dyy - dy,.
1+y1+y2+ yp O

For calculating J, we use the following equality:

1 I -
= / eIyt tym)  p—1g,,
0

(I4+yi+y2+-+w)’ T(p)

3 3 L*l L71 1 o
]:/0 /0 yit <Tp)/o e”(”yl*yﬁ”'”")u”1du>dy1---dy,,

1 /w p—1_—u (/m —uy| ﬁild > (/m —uy, %71(1 )d
=—_— ul e e e nyy" u.
F(p) 0 Jo yl )’1 Jo yn )’n
It follows that
— 1 /wupflefu r(l/pl) r(l/pn) du
F(p) JOo ul/l’l ul/l’n

_ T'(1/p1)---T'(1/pn) /wefuupfl*(1/P1+1/P2+”'+1/Pn>du
I'(p) Jo

and this integral converges precisely when p — (1/py+---+1/p,) > 0, since
/me*”ul’*l*(1/P1+1/P2+'“+1/Pn)du -T (17 ot i) )
0

Remark. The problem was motivated by problem [9, Problem 36K, p. 315], which
states that if p > 1, then the double series 37 | Y= | 1/(m* 4+ n*)? converges.
Various versions of this problem appeared in the literature; see, for example, [133,
p- 52] and [123, p. 142]. Two closely related problems [138, Problems 8 and 9, p.
189] are about proving that

2~1nN as N — oo
n= lml

and
1 1

— ~— N — oo,
(2+m2)32 " N as

n2+m?>N?
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More generally, one can prove [460] that if /; > O are real numbers and p, p; are
positive numbers, i = 1,2, ...,n, then

o Il
3 kiks kg

1+4 1+1,
TP Ly < +-t <
Ky don=1 (k' -+ k)P P1 Dn P
3.109. We consider only the case when a = —1. The sum equals
1 1 1
—Df(In2— - ).
(=1 (n XT(k—1) 2F2(k—2) 2>

We have

=

(_ 1)n1+n2+-"+nk

oo 1
_ Z / (—x)”1+”2+"'+”’<71dx
ny,...,ng=1 nytny g Lotk =1 0
1 (=5}
. / z (_x)n1+n2+---+nk71 dx
70 \ny =1

{30 (30 e

1 xk*l
- (_l)k./o (1+x)kdx

1kl
:/0 (1 —l—x)kdx

Using the substitution x/(1 +x) = z, we get that

Let

1 1 1
2 2 1
J:—/ e —/ 41— |z
o z—1 Jo

z—1

1
(R N e
VTR .

0

=In2 - ! + ! + —I—l
N 2k-1(k—1)  2k2(k—2) '

2

The case when a € (—1,1) is solved similarly.
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For an alternative solution see [83].
3.110. Use that 1/(n) +---+ny) = [y ¥+t 1dy,
3.111. We prove that

s(p) = LoD if p=0,
p)= _1 B .
k!Zfzo(_l)l(pll)W if p>1.
We have
) ! : 1+ tm+p—1
S(p) = Z —/ P dx
iy emy=1 T2 1Y JO

I B D GRS R P
_'/0 <m12—1 ml) (mkz—l mk) S
:/1(—ln(1—x))kxp71dx

0
:(—l)k/()llnk(l—x)xP71M
= (—l)k /Ollnkx(l —x)”fldx.

We distinguish here two cases.

Case p = 0. Itis elementary to prove, using integration by parts, that

1 k!
I 10k k :
/0 X In"xdx = (—1) —(l 1)k 1

It follows that

nkx
s0)= (-1 [ 1

1—x

Case p > 1. We have, based on the Binomial Theorem, that

S(p) = (—1)k/()11nkx(1 —x)Pldx

= (—l)k/ollnkx (1;2; (p; 1) (—x)l> dx

239

dr — R NS kb
—(=1) g&/o Aln xdx_zz)m—k((k—i-l).
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ol p—1 1
("))

Remark. We mention that the case when k = p = 2 is Problem 3.99 on page 27 in
[14] and if p = 0, one obtains the elegant form of the Riemann zeta function value
C(k+ 1) as a multiple iterated series [98, Entry 25.6.5, p. 605].

3.112. We have

hnd 1 > 1 > k—1 > 1
] (R Bl (e

An alternative solution, which is based on a Beta function technique, is outlined
in the solutions of the next problems.

3.113. The series equals 5¢/6. We use a Beta function technique by noting that, for
integers n,m > 1, one has

1 " e '(m—l)
/Ox (1= = (n+m)
Thus,
> > n2 > 3 n2 : n m—1
22 e :n;lmgln'(m—l)!/o K1 —x)" dx
— LiE nxt & (1—x)m !
L5 (55525
:/lex(xz‘i‘)()el*xdx
0
_ Se
=%
3.114. We have
o o oo ) 1 1 |
Z‘I'Z‘l (n+-m)! ﬂg‘lgl (n—1)! (m—1)1Jo F(1—x)"dx
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e/1(2 x)xdx
0
2e
=3
3.115. We have
< "bm v % a nl
! ""(d(l—X))”’1 (bx)
_a/o <,§1 (n—1)! ),El mt &

Ae) | |t if a#b,
(a—l)e +1 if a=».

The second series can be calculated either directly or by differentiating the first
series with respect to a and b.

Remark. Similarly, one can prove that if x is a real number, then

o v _nm +m _ 2 x (N
;El(nm)!ﬂ = x%e (6+2>. (3.28)

3.116. Differentiate the first series from Problem 3.115.

3.117. The series equals 5¢/24. We have, based on (3.28), that

> nm > nm (n+m)!(p—1)!

n+m+p)! Wg‘:l (n+m)!(p—1)!  (n+m+p)!

n,m,p=1 (

oo

nm llﬂer p—1
S G, ©

n,m,p=1

_/ (iiztmx )(i (1—x)P~ 1>dx

n=1m=1

+
1
2xx 1 1—x
= 2o dx
/Oxe G 2)
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3.118. We have, based on (3.28), that

v mmp i nmp (n+m)!(p—1)!
nm,p=1 (n—l—m—i-p)' np 1(n+m)V(p_1)! (n+m+p)
= 3 nmp ! n+m
_nm§:1 (n+m)!(]7—1)!./0 o (1-x)" dy
MM S & = p(1—x)P!
0 <nzlmz1(”+m)'> (,,21 (p—1)! )dx
Lo 1N
=, e <g+§)el (2—x)dx
1 x3 xz
:e/() <€+E> (2—x)dx
_ 3le
=30

3.119. We have

5 1 5 1
ny,...np=1 (}’ll +n2 +- —|—I’lk Jj=k \n1+ny+---+np=j (nl +n2 +ee +I’lk>'

- /i1 oL
§< )J' —1)!;j(j—k)!' (3.29)

Ms

To calculate this sum we let
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and it follows that S(x) = [j#¥~e'dr + C. Since S(0) = 0 we get that
X
S(x) = / *ledr. (3.30)
0

It follows from (3.29) and (3.30) that

i 1 1 Yt
= t dr. 3.31
2 ny+no+ -4yl (k—l)!./o ¢ ( .

np,..ong=1 (

Let [ = [ #*"'e'dr. A calculation shows that [, | = e — (k — 1)I;_,. This

implies thatx; 1 = (—1)¥"te/(k—1)!+x;_, where x; = (— 1)L /k!. Thus, x| =
Z’j‘.;% (—1)’e/j! 4 xo. On the other hand, since xo = ¢ — 1, we get that

J

Loy = (D) k—1)! <ekzl (_l')j - 1) : (3.32)
=0

Combining (3.31) and (3.32), we get that the result follows and the problem is
solved.

3.120. We have, due to symmetry reasons, that for i, j =1,...,k,

= oo

n; - nj

nyseng=1 (nl o4t nk)! ny e =1 (nl thny+-ot nk)! .
Hence,

o n; - 1 i 1

ny,...,n=1 (nl tnato- +nk)' k ny,...,n=1 (}11 tnate - 1)' .
On the other hand,
i 1 B i z 1
o (i m =10 S\, LS (e — 1!

3.121. See the solution of Problem 3.122.

3.122. and 3.124. These problems are special cases of the following two lemmas.
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Lemma 3.2. Let k > 1 be a natural number and let (ap),en be a sequence of real
numbers such that Y7, a,n*~! converges absolutely. Then,

o 1 k e -
> nptngtotn = (= Y s(k,i) < app 1) )
! =

n17...7nk:1 i=1
where s(k,i) are the Stirling numbers of the first kind.
Proof. We have

2 Any+ny+-+ny = 2 2 An+-4ny,
nyy.. =1 p=k \ni+ny+--+tm=p

“Saf 3 )
p=k ny+ny+-t+n=p

Il
—~
»
|
—
=
M~
P=<§
kan
=
~
DM
Q
<
~B~
N~

since s(k,0) = 0 for k € N, and the lemma is proved.

Lemma 3.3. Let 1 <i <k be fixed natural numbers and let (a,),en be a sequence
of positive numbers such that 3, apn* converges. Then,

=

18 (S
z i~ Apy+ny+-+ny = F ZS(k,l) < appl> )
ti=1 k

np,eong=1 p=

where s(k,i) are the Stirling numbers of the first kind.
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Proof. We have, based on symmetry reasons, that for i, j = 1,...,k, one has that
Z M+ Qpytnytoetny = Z Ij = Qnytngttmy
ny,...,np=1 ny,...,np=1
and hence
o0 | =
Z ni - Qnytngteedme = 7 2
ny,..ng=1

(ni+ny+-4ng) - anysnyttngs
npy..ng=1

and the result follows from the previous lemma applied to the sequence (na,)nen-
3.123. (a) We have, based on the integral equality

1 1

* —at ;m—1
— = = e 't dr
am  T(m) /0
and the power series

1 & T(n+A)
= X', —l<x<1, A>0,
—0F ~ 2 i) *
that
Ny ey =1 (nl Ty +nk)m

- —(ny4--+ng )t ym—1
T o € M dr
ny,...,np=1 F(m) /0

1 /m m—1 < —nit S —nyt
= —_— t nie ") nge " | dt
) (2 2

=1

1 ° 1
=—— | Ml dr

1— efz)Zk
Lt e Lt 2k) e
= e— —_— d
T(m) /0 e ,ZO T2k
_ 1 i [(n+2k) /wtmqef(kﬂ)zdt
L(m)T'(2k) = n! 0
& T(n+2K)

[(2k) S nl(n+k)m
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(b) When k =2 and m > 4, one has that
S~ nny 1 & T(n+4)

1
(n+na)" — T(4) S nl(n+2)" 6

}'Ll:l n2:1

3.125. We have

since (see [122, Formula 3, p. 142] and [122, Formula 135, p. 173])

oo

_ o L) -1
> (4(k)—1)=1 and %T‘“V

k=2

3.126. The series equals y/2. We have, based on symmetry reasons, that

3.127. The series equals 3/8 —In2/2. Let S be the value of the series. We have,
based on symmetry reasons, that

o mE2nt2m)—1) & & n(f(2n4-2m) —1)
SSRET Gewr AT
Thus,
1
SZE(S+S)
18 & C2n4-2m)—1
_522 n+m
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.
E(2 )
k=2 \n+m=k

13 £k -1

b7 i

-3 (Seen-n-g =)
2 k=2

3 2

s 2

since (see [122, Formula 193, p. 178] and [122, Formula 152, p. 174])

M

Cen-1=>2 wma Ly
k=1

k

3.128. We have

1

1 - 1

Sp =
nh,%k:l ni + - +”k pgz p"1+'“+”k
= i i 1
p=2 \nm-. thflpn1+ ey ey

i / xl’ll*‘r t+ng— ldx
p=2 \ny,....n;=1

p= ﬂ1:1 =1
1
© rp xkl
= 2 /’ -dx
p:2'0 (1—)()
&y = el k]
lfé Y 2 /P Ly dy
p20 I+y
Let
L k-1
-1y
= —dy.
o 14y Y

For calculating I; we distinguish between the cases when k is an even or an odd
integer.
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When k = 2 one has that

L= P (3.33)

p—1 p—1

Let k = 2] with [ > 2 be an integer. Since

yH! 20-2  20-3 1
Ty VY +"'+(—)’)+1—1—+y7
we obtain that
b = ! — ! 4= 1
QI-1)(p—1)2"1  (21=-2)(p—1)*2 2(p—1)2
1
+o g %1 (3.34)

On the other hand, if k =2/ + 1 with [ > 1, we have that

yzl 20—1 20-2 21-3 2 1
=y =y Ty T ==y y— 1 —
T+y y y y y Ty T+y
and hence
1 1 1 1 p
by = - + - +In )
T 2A(p-12 2 -1)(p— 1) 2(p—-12 p-1 ~p-1

It follows, based on (3.33)—(3.35), that

-/ )
= ——1 _— =
%2 Z<p—1 np—l) ’

p=2
L@i-1) §@2i-2) £(2)
Sy = -1 a2 +..._T+%
and
Sopet = C(zzlz) _C(zzll_—ll)+..._@+@_y_

3.129. and 3.130. Exactly as in the solution of Problem 3.128, we obtain that

1
—(—1)f 1+xy 1)kt /T d
w3 [ 5 e o
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Let
L k-1
i [
0 —1
A calculation shows that
bh=—— L2 (3.37)
p+1 p+1
and
1 1 1 1 1 1 p
Ji = . + . 4 + +1In .
k=1 (o DR k=2 (pr 1)k 20012 p+1 ' p+1

(3.38)

Combining (3.36)—(3.38), we obtain that the desired results follow and the problems
are solved.

3.131. We have

i (Cln+-+m)—1)= i (iﬁ)

nyeng=1 npyeon=1 \ p=2
- > =1 s |
—,?z(n?ﬁ)“(n?ﬁ)
> 1
N ,,g‘z(p—l)"
= (k).

On the other hand,

S AP )~ 1)

ny e ng=1
S e, 1
_n17-§k:1(_1) o k,zzm
= 3 S (_1)”1 ind (_1)nk
_pgz <n12—'1 pm ><nkz—'1 IT )
= 1 \K
-2(551)
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3.132. (a) We have, based on Problem 3.8, that

S C2) =€)~ > S
.
-3 (Ea)
7°° 1
_:k(k+1)
=¢@2)-1

(b) Let T, be the value of the multiple series. We have

- - 1
T;
k ”17”.%](:1 <p21 p(p+ 1)n1+n2+...+nk>

=1(a 1 =1
:Z‘l? <121 (p+1)”'> (;‘1 (p+1)”k>

— {(k+1).

3.133. We have, based on Problem 3.8, that

— - 1
7} = 27 niny---nj (Z p(p+1)”l+n2+"'+”k>

ny,...,np=1 p=1

=1(e m (= 1\
_,,2113<,,121(p+1)’”> (;‘l(pﬂ)s)
_ i (p+1)

= pk+-/+1
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Remark. When j =0 we have

oo

Y, (mtmtAm—=C2)—CB) ==L +n+-+m)) = C(k+1).

np,eong=1

When j = 1 we have that

=

> m(mAmt+m—L02)=§B)— = Cm+mt-4m))

ny 7...7nk:1
equals
C(k+2)+E(k+1),

and when j = k one has that

=

S omeem (At A me— (2= CB) = — (i +ma )

np,eong=1

equals



Appendix A
Elements of Classical Analysis

A.1 Exotic Constants

He who understands Archimedes and Apollonius will admire
less the achievements of the foremost men of later times.

Gottfried Wilhelm Leibniz (1646-1716)

The Euler—Mascheroni constant, 7, is the special constant defined by

1 1
Y= lim <1+§+---+;—lnn> =0.57721 56649 01532 86060. ...

n—soo

In other words y measures the amount by which the partial sum of the harmonic
series differs from the logarithmic term Inn. The connection between 1+ 1/2+
1/3+---41/n and Inn was first established in 1735 by Euler [41], who used the
notation C for it and stated that was worthy of serious consideration. It is worth
mentioning that it was the Italian geometer Lorenzo Mascheroni (1750-1800) who
actually introduced the symbol ¥ for the constant (although there is controversy
about this claim) and also computed, though with error, the first 32 digits [36].
Unsurprisingly, establishing the existence of y has attracted many proofs [65, pp.
69-73], [133, p. 235] to mention a few. However, a short and elegant proof is
based on showing that the sequence (1+1/2+1/3+---4+1/n—Inn),> is strictly
decreasing and bounded below by 0.

The Euler—Mascheroni constant, ¥, considered to be the third important mathe-
matical constant next to 7 and e, has appeared in a variety of mathematical formulae
involving series, products, and integrals [43, pp. 28-32], [65, p. 109], [122, pp. 4-6],
[123, pp. 13-22]. For an interesting survey paper on 7, as well as other reference
material, the reader is referred to [34]. We mention that it is still an open problem
to determine whether v is a rational or an irrational number.

O. Furdui, Limits, Series, and Fractional Part Integrals: Problems in Mathematical 253
Analysis, Problem Books in Mathematics, DOI 10.1007/978-1-4614-6762-5,
© Springer Science+Business Media New York 2013
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The nth harmonic number, H,, is defined for n > 1 by

1 1
H=1+-—+-+-.
2 n

In other texts, it is also defined as the partial sum of the harmonic series

The nth harmonic number verifies the recurrence formula H, = H,,_; + 1 /n for
n > 2 with H; = 1 which can be used to establish the generating function

In(
n( ZHx" —1<x<l.

l—x

Significantly, one of the most important properties on the nth harmonic number
refers to its divergence. The first proof of the divergence of the harmonic series
is attributed, surprisingly, to Nicholas Oresme (1323-1382), one of the greatest
philosophers of the Middle Ages, and similar proofs were discovered in later
centuries by the Bernoulli brothers. Even Euler proved this result by evaluating an
improper integral in two different ways [65, p. 23]. Another curious property is
that H,, is nonintegral. This means that even though H, increases without bound, it
avoids all integers, apart from n = 1. The nth harmonic number has been involved in
a variety of mathematical results: from summation formulae involving the binomial
coefficients to a nice formula that expresses the nth harmonic number in terms of
the unsigned Stirling numbers of the first kind [13]. A detailed history on the nth
harmonic number as well as its connection to ¥ can be found in Havil’s book [65].
The Glaisher—Kinkelin constant, A, is defined by the limit

= lim p /202112 ”2/4Hk" 1.28242 71291 00622 63687 .

n—yoo

Equivalently,

1 2
InA = lim (Zklnk (2 +2+ 12)lnn+%>.

k=1

Another remarkable formula, involving factorials, in which A appears is the

following:
1

S U1 U VI
m = —.
n—seo e*inz (27‘[)%”1’[%”27% A

These formulae are due to Kinkelin [72], Jeffery [71], and Glaisher [59-61].
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The constant A, which plays the same role as /27 plays in Stirling’s formula,
has the following closed-form expression [43, p. 135]:

A_exp(llz g’(_l)) :exp<_4’(2) +ln(2n)+y>,

272 12

where {’ denotes the derivative of the Riemann zeta function and 7 is the Euler—
Mascheroni constant.

Many beautiful formulae including A exist in the literature, from infinite products
and definite integrals [43, pp. 135-136] to the evaluation of infinite series involving
Riemann zeta function [122]. Other formulae involving infinite series and products,
believed to be new in the literature, in which A appears, are recorded as problems in
this book.

The Stieltjes constants, v,, are the special constants defined by

. 2o (Ink)"  (Inm)™*!
y”_rllgl<z K a+l )’

k=1

and, in particular, ) = 7, the Euler-Mascheroni constant.
They occur in the Laurent expansion of the Riemann zeta function in a
neighborhood of its simple pole at z = 1 (see [98, Entry 25.2.4, p. 602]):

C(s) = : +i(_nl!)”7n(S—1)”, R(s) > 0.

Interesting properties related to the sign of the Stieltjes constants as well as an
open problem involving their magnitudes are recorded in [43, pp. 166—167].
The logarithmic constants, ,, are defined by

& = lim (21n k— / In" xdx — —ln m> = (=1)"(¢"(0) +n).

In particular 6y = 1/2, §; = 1/2In(2x) — 1.
Sitaramachandrarao [118] proved that they appear in the Laurent expansion of
the Riemann zeta function at the origin rather than at unity

=

0=—7+3 5

We called these constants logarithmic for simplicity and because of the logarith-
mic terms involved in their definition.

The constants, which are also discussed in [43, p. 168], have been used in
Problem 3.98 in order to evaluate a double logarithmic series.
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A.2 Special Functions

Euler’s integral appears everywhere and is inextricably bound
to a host of special functions. Its frequency and simplicity make
it fundamental.

Philip J. Davis

Euler’s Gamma function, which extends factorials to the set of complex numbers, is
a function of a complex variable defined by

I'(z) = ./:xHe*de, R(z) > 0.

When %R(z) < 0, the Gamma function is defined by analytic continuation. It is a
meromorphic function with no zeros and with simple poles of residue (—1)"/n! at
7= —n.

Historically, the Gamma function was first defined by Euler,! as the limit of a
product

1-2---(n—1)

M@ = fim G2 D

from which the infinite integral [;°x*~'e~*dx can be derived.
Weierstrass defined the Gamma function as an infinite product?

1

mzzeyz’f[l{(l—i-%)ei}.

The interesting and exotic Gamma function has attracted the interest of famous
mathematicians such us Stirling, Euler, Weierstrass, Legendre, and Schlomilch.
Even Gauss worked on it: his paper on Gamma function was a part of a larger work
on hypergeometric series published in 1813. There are lots of interesting properties
that are satisfied by the Gamma function; for example, it satisfies the difference
equationT'(z+ 1) = z-T'(z) and Euler’s reflection formula

!Euler did not introduce a notation for the Gamma function. The notation T was introduced by
Legendre, in 1814, while Gauss used I1.
2Weierstrass defined the Gamma function by this product in 1856. In fact, it was the German
mathematician Schlémilch who discovered the formula T'(m) = e~ /m [Ty, (1 4 m/k)~1e/*
even earlier, in 1843 (see [110, p. 457]).
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T
[(z)-T(1-2)= o SFOELE2

to mention a few.

The Gamma function is one of the basic special functions that plays a significant
part in the development of the theory of infinite products and the calculation of
certain infinite series and integrals. More information, as well as historical accounts
on the Gamma function can be found in [110, pp. 444-475] and [133, pp. 235-264].
The Beta function is defined by

B(a,b) = ./le“’l(l 0P ldx, R(a) >0, R(b)> 0.

In his work on Gamma function, Euler discovered the important theorem that
B(a,b) - T'(a+b) =T(a) -T'(b), which connects the Beta with the Gamma function.

Other integral representations of the Beta function as well as related properties
and formulae can be found in [110] and [123].

The Riemann zeta function is defined by

o 1 1 1
() _,Z‘ﬁ =ttt —tee, RE>1

Elsewhere {(z) is defined by analytic continuation. It is a meromorphic function
whose only singularity in C is a simple pole as z = 1, with residue 1.

Although the function was known to Euler, its most remarkable properties
were not discovered before Riemann® who discussed it in his memoir on prime
numbers. The Riemann zeta function is perhaps the most important special function
in mathematics that arises in lots of formulae involving integrals and series ([98,
pp- 602—-606], [122]) and is intimately related to deep results surrounding the Prime
Number Theorem [39]. While many of the properties of this function have been
investigated, there remain important fundamental conjectures, most notably being
the Riemann hypothesis which states that all nontrivial zeros of { lie on the vertical
line R(z) = 1/2.

The Psi (or Digamma) function, also known as the logarithmic derivative of the
Gamma function, is defined by

Additional properties as well as special values of the digamma function can be
found in [122, pp. 13-22].

3Berliner Monatsberichte, 671-680 (1859); Ges. Werke, 136—144 (1876).
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The Polylogarithm function Li,(z) is defined, for |z] <1 and n # 1,2, by

S A L)
. Z In—1
Li,(z) = —:/ —=dr.

When n = 1, we define Li; (z) = —In(1 —z) and when n = 2, we have that Li,(z),
also known as the Dilogarithm function, is defined by

. < 2 ZIn(1—1)
L = —=— [ —=dt.
2= % =5

Clearly Li,(1) = §(n) for n > 2. Two special values of the Dilogarithm function
are Liy(1) = {(2) and Liy(1/2) = n2/12 — In*2/2. The last equality follows as a
consequence of Landen’s formula (see [123, Formula 10, p. 177]):

2
. . T
Lia(2) + Lia(1 —2) = - ~ Inzln(1 —z).

A.3 Lemmas and Theorems

Men pass away, but their deeds abide.

Augustin-Louis Cauchy (1789-1857)

Lemma A.1 (Abel’s Summation Formula). Let (a,),>1 and (by)y>1 be two
sequences of real numbers and let A,, = Y}_ | ay. Then,

n

n
> akbi = Apbpi1 + Y, Ay (b — bry1) .- (A.1)
ja] k=1

The proof of this lemma, which is elementary, is given in [15, Theorem 2.20, p. 55].
When needed, we will be using the following version of the lemma

=

2. axbe = lim (Anbyi1) + ) Ax (be — b)) - (A2)
k=1 k=1

Lemma A.2 (The Wallis Product Formula). The following limit holds

2 4 2n 1 [z
nsel 3 2n—1 2n+1 V2°
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Theorem A.1 (Stirling’s Approximation Formula). Stirling’s formula, for esti-
mating large factorials, states that

n! ~~2mn (E)” (n— )
e
or, more generally, that
X\ X
F(x+1)~\/27rx(—) (x = 0, x €R).
e

One of the most well-known improvements is

1 1 139 571
l=n"e"V2mn(1+— - - )
n!l=n'"e n ( + 120 + 288n2  51840n3 2488320n* * )

For proofs and other details on Stirling’s formula the reader is referred to [22,33],
[65, p. 871, [68,91,95].

We will be using throughout this book the following version of Stirling’s formula:

2n+1

Inn! = %ln(Zn) + Inn—n+0 (l> . (A3)

n

Theorem A.2 (Cauchy-d’Alembert Criteria). Let (x,),cn be a sequence of pos-
itive real numbers such that the limit 1im, e X,11/x, = | exists. Then, the limit
lim,, o0 {/Xy also exists and is equal to I.

Theorem A.3 (Dirichlet’s Theorem). Letr { : (1,00) — R, denote the Riemann
zeta function defined by §(x) =Y 1/n*. Then

lim M =7.
x—0 X

See [62, Entry 9.536, p. 1028] and [133, Corollary, p. 271].

Theorem A.4 (Bernoulli’s Integral Inequality). Let f : [a,b] — (0,00) be an
integrable function. Then

(/abf(X)dx)aS(b_a)al/abfa(X)dx if o€ (—e0,0)U(1,00),

(/abf(x)dx)aZ(b_a)wl/abfa(x)dx i oae).
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This theorem can be proved by using Jensen’s inequality* [21, Theorem 1,
p. 3701, [112, p. 62] for convex functions. It states that if f : [a,b] — [, ] is an
integrable function and @ : [0, B] — R is a convex continuous function, then

o (5 [ roar) < 1 [ ptrtna

Now the result follows by taking ¢(x) = x“.

Theorem A.5 (Lagrange’s Mean Value Theorem). Let f : [a,b] — R be a func-
tion continuous on |a, b] and differentiable on (a,b). Then there exists ¢ € (a,b) such
that

f() = fla) = (b—a)f'(c).
For a proof of this theorem, which is also known as Lagrange’s finite-increment
theorem, see [136, Theorem 1, p. 216].
Geometrically, this theorem states that there exists a suitable point (c, f(c)) on

the graph of f such that the tangent to the curve y = f(x) is parallel to the straight
line through the points (a, f(a)) and (b, f(b)).

Theorem A.6 (First Mean Value Theorem for the Integral). Let f be continu-
ous on [a,b] and let g be a nonnegative integrable function on |a,b]. Then there is

¢ € la,b] such that
[ roosac=rie) [ giax

A proof of this theorem is given in [136, Theorem 5, p. 352]. To avoid confusion,
we mention that the first mean value theorem for the integral is often considered to
be the result which states that if f is a continuous function on [a, b], then there exists
¢ € |a,b] such that

[ reoae= @) -a)

However, we followed Zorich [136] and reserved the name for this somewhat more
general theorem.

4Johan Jensen (1859-1925) was a largely self-taught Danish mathematician. Jensen made signif-
icant contributions to the theory of complex analytic functions; however, he is best known for
the discovery of a famous inequality involving convex functions. Motivated by an idea of Cauchy
that was used to prove the AM—GM inequality, Jensen noticed that Cauchy’s method could be
generalized to convex functions [110, p. 85]. He proved that if ¢ is a convex function on [a, b], then
for any n numbers xj,x,...,X, in [a,b],

¢(x1+xz+---+xn> < ¢(x1)+¢(x2)+"'+¢(xn)’

n n

an inequality which is known as Jensen’s inequality.
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Theorem A.7 (The Riemann-Lebesgue Lemma). If f : [a,b] — R is an inte-
grable function, then

b b

lim [ f(x)sinnxdx = lim (x) cosnxdx = 0.
n—e Jq n—ee Ju

This classical result, due to Riemann, is recorded in many books that cover the
standard topics on integration theory. A proof of this lemma, in a slightly modified
form, can be found in [112, Sect.5.14, p. 103]. It also appears as a problem in
various other texts (see [104, Problem 105, p. 60], [111, Problem 16, p. 94], [124,
Problem 22, p. 94]). Various generalizations of the Riemann-Lebesgue lemma are
discussed in [108, pp. 400, 401], and a nice historical comment on this result and
how Riemann derived his lemma is given in [110, Sect. 22.5, p. 436].

Theorem A.8 (Monotone Convergence Theorem). Let (f,),cn be an increasing
sequence of nonnegative measurable functions, and let f = lim,_,.. f, a.e. Then

/leim/f,,.

For a proof see [111, Theorem 10, p. 87].

Theorem A.9 (Bounded Convergence Theorem). Ler (f,) be a sequence of
measurable functions defined on a set E of finite measure, and suppose that there is
a real number M such that |f,(x)| < M for all n and all x. If lim,,_,e f (x) = f(x)

for each x in E, then
tim [ fu= [
E E

See [111, Proposition 6, p. 84]. The interested reader is also referred to a recent
paper by Nadish de Silva [117] which gives an original method, which does not
involve the measure theory techniques, for proving the celebrated Arzela’s Bounded
Convergence Theorem.

Theorem A.10 (Fatou’s Lemma). If (f,) is a sequence of nonnegative measur-
able functions and f,(x) — f(x) almost everywhere on a set E, then

s <t [ 7,

Theorem A.11 (Lebesgue Convergence Theorem). Letr g be an integrable func-
tion over E and let (f,) be a sequence of measurable functions such that | f,| < g on
E and for almost all x in E we have f(x) = limy_e f;(x). Then

/Eleim/Efn.

See [111, Theorem 9, p. 86].

See [111, Theorem 16, p. 91].



Appendix B
Stolz—Cesaro Lemma

The most practical solution is a good theory.

Albert Einstein (1879-1955)

One of the most powerful tools of analysis for evaluating limits of sequences
is Stolz—Cesaro lemma, the discrete version of 1’Hopital’s rule. This lemma is
attributed to the mathematicians Otto Stolz (1842—-1905) and Ernesto Cesaro (1859—
1906), and it proves to be an efficient method for calculating limits of indeterminate
form of types eo/co and 0/0. In one of its simplest form, this lemma refers to
the existence of the limits lim,,_,e. a;, /by, and limy,_seo(ap+1 — an)/(bn-1 — by) Where
(an)nen and (by),en are sequences of real numbers that verify certain conditions.

The lemma was first published in [126] and, since then, has been recorded in
various texts that have topics on sequences and infinite series. It appears, as problem
70 on page 11, in the famous problem book of Pélya and Szeg6 [104] and as problem
6 on page 56 in [57]. The lemma has lots of applications in analysis, where it
is used for calculating limits involving the Cesaro mean and is connected to the
study of the speed of convergence and the order of growth to infinity of sequences
of real numbers. Another recent beautiful application of this lemma is related to
the calculation of the coefficients of the polynomial determined by the sum of the
integer powers Si(n) = X7, i¥ (see [81]). New forms of this lemma and examples
are discussed in [92], and a stronger version of Stolz—Cesaro lemma and some of its
most important applications are given in [94].

Theorem B.1 (Stolz—Cesaro Lemma, the o/ case). Let (a,)en and (by)uen
be two sequences of real numbers such that

(a) O<by <by<---<b,<--- and lim,_,. b, = co.

(b) limy_se m:z: =lcR.

Then lim,,_,e. a,, /by, exists, and moreover, limy,_,ea, /by = 1.

O. Furdui, Limits, Series, and Fractional Part Integrals: Problems in Mathematical 263
Analysis, Problem Books in Mathematics, DOI 10.1007/978-1-4614-6762-5,
© Springer Science+Business Media New York 2013
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Proof. First we consider the case when [ is finite. Let € > 0 and let N be a natural
number such that for all » > N one has

Ap+1 —dn

B.1
bn+1 — by ( )

1)<

| ™

This implies, since b1 — b, > 0, that (I — €/2)(bpy1 — bn) < apt1 —an < (I +
€/2)(by+1 — by) for all n > N. Now we apply these inequalities to each of the
parenthesis in the numerator of the right-hand side fraction

an—ayny1  (ap—ap_ 1)+ (an-1—ap2)+---+ (any2 —any1)

by — byt by — byt

and we get that for all n > N + 1 one has

dpn —ani1

1‘<8
by — byt 2

On the other hand, a calculation shows that

an _,_ AN+l —Iby 1 n (1 _ bN+1> (an—dN+1 —l) ,
b, b, b, by — by

and it follows that

an an+1 —lby1
by, by,

ap — aN+1
1. (B.2)
by, _bN+1 ’

_,’§

Since lim,,_,.. b,, = oo, there is a natural number N’ such that

an+1— by

forall n>N'. (B.3)
by

<

€
2
Let N = max {N + 1,N’}. We have, based on (B.1)—(B.3), that

’“—”—1’<e forall n> N,
b,

and this implies that lim, . a,, /b, = I.
Now we consider the case when [ = . Since

. ap11—4a
hmM:
n—e by — by

we get that there is a natural number N such thata, | —a, > b,+1 —b, foralln > N.
This implies that the sequence (ay),>y+1 increases and lim,_,. a, = c=. Now we
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apply the previous case to the sequence b,/a, and we get, since the limit of the
quotient of the difference of two consecutive terms is finite, that

. b . by1—b
lim 22 = lim 21"
n—eedy N dpy] —dp

=0.

This implies that lim,,_. @, /b, = = and the lemma is proved.
The reciprocal of Theorem B.1 does not hold. To see this, we let a, =3n— (—1)"

and b, = 3n+ (—1)". Then, a calculation shows that lim,_,.a, /b, = 1 and

api1—a,  3+2(—1)"
bpp1—by  342(=1)m1

which implies that limy,_,e (@1 — an) /(bny1 — by) does not exist.

Theorem B.2 (Stolz—Cesaro Lemma, the 0/0 case). Let (a,),en and (by),en be
two sequences of real numbers such that

(@) Timy sy = limy, s by = 0.
(b) (by) is strictly decreasing.

: Apt1—An __
(c) lim,_,c B by leR.

Then lim,,_,c a,, /by, exists, and moreover, lim,_,eoay /by = 1.

Proof. First, we consider the case when [ is finite. For € > 0, there is a natural
number n, such that

ap41 —dn

forall n > ng.
bn+1 —by ¢

N m

1)<

This implies, since b, — b,1 > 0, that (I — €/2)(by, — byt1) < an — anp1 <
(I4+¢€/2)(by, — b,+1) for all n > ne. Let p be a positive integer and we apply the
preceding inequalities to each of the parenthesis in the numerator of the right-hand
side fraction:

an —dnptp (an - an+1) + (an+1 - an+2) +o (anerfl - an+p)

bn - bn+p B bn - bn+p

and we get that for n > ng, we have

£ ap — Anp4p £
- < —E <1+ =
2 bwbu, T2

Letting p tend to infinity, we obtain that |a, /b, — | < /2 < € for all n > n,.

Now we consider the case when [ = co. Since limy,_yeo (a1 — dn)/ (bni1 —bp) =0
we have that for € > 0 there is a positive integer N, such that, for all n > N, we have
(an1—an)/(bys1 —by) > 2€. This in turn implies that a, — a,41 > 2€(by — byt1)
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for all n > N. Let m and n be positive integers with n,m > Ng and m > n. We
have a, — am = Y~ (ax — ag1) > 26 301 (b — byi1) = 2€(by — byy). Dividing
this inequality by b, > 0 we get that

a, b am
s pg(1=2m) 44
by 8( bn>+bn

Passing to the limit, as m — oo, in the preceding inequality, we get that a,, /b, >
2e > ¢ for all n > Ng.
The proof of the case / = —oo is left, as an exercise, to the reader.

The reciprocal of Theorem B.2 does not hold. To see this, we let a, = 1/(3n —
(=1)") and b, = 1/(3n+ (—1)"). Then, a calculation shows that lim, .. a, /b, = 1
and

angi—an  (B3n434+(=1)""HGBn+(-1)") —3-2-(=1)"
buy1—by  (Bn+3— (=) H(Bn—(=1)1) —3+2-(=1)"’

which implies that limy,_ye. (@n1 — an)/(bny1 — by) does not exist.
However, under certain conditions on the sequence (b,),cn We prove that the
reciprocal of Stolz—Cesaro Lemma is valid.

Theorem B.3 (Reciprocal of Stolz—Cesaro Lemma). Let (a)nen and (by)nen be
two sequences of real numbers such that

(a) O<by <by<---<b,<--- and lim,_ b, = co.
(b) lim,_eoa, /by, =1€R.
(¢) lim, by /by =L € R\ {1}.
Then the limit
. Qupy1 —ap
lim 2 ~"
”Lr}r;bmrl _bn7

exists and is equal to 1.

Proof. We have

Qp+1  dpyl —dp (1_ by )_’_@ by

burt b1 —bu \' bur1) by buii

Passing to the limit, as n — oo, in the preceding equality we get that

I=(1—L) lim2 =% 4 g,

n—eo by —by
and the result follows.

Theorem B.3 shows that if lim,_,eb, /b, exists and is not equal to 1, the
reciprocal of Stolz—Cesaro Lemma is valid. We stop our line of investigation
here and invite the reader to study further the additional conditions required such
that the reciprocal of Stolz—Cesaro Lemma remains valid in the trouble case
limy,—yoo by /b1 = 1.
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